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Amenable partial orders on locally 
inverse semigroup 1 

Bin Li 
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Abstract Suppose that S' is a locally inverse semigroup with an inverse transversal S° . In 
this paper, we first introduce the CS °- cone of S, which modify the definitions of cone in 
[3] and S°-cone in [4]. By an CS°-cone, we can construct an amenable partial order on S. 
Conversely, every amenable partial order on S can be constructed in this way. It is easily 
verified that the set E(S°) of all idempotent elements of S° is the smallest CS°-cone of S. 
Also, we show that the amenable partial order constructed by E(S°) is equal to the natural 
partial order on S and so the natural partial order on S is the smallest amenable partial order. 

Keywords Locally inverse semigroup, amenable partial order, inverse transversal, order 
-preserving bijection. 

2000 Mathematics Subject Classification: 20M10, 06B10 



§1. Introduction and preliminaries 

A semigroup S is said to be a partially ordered semigroup, or to be partially ordered, if it 
admits a compatible ordering <; that is, < is a partial order on S such that (V a, b £ S, x £ 
S 1 ) a < b => xa < xb and ax < bx. 

Let S be a regular semigroup with set E(S) of idempotent elements. As usual, A denotes 
the natural partial order on S. That is, for any a, b £ S, 

a <b if and only if a = eb = bf for some e, / S E(S). 

By corollary 4.2 in [1], the natural partial order on S is compatible with the multiplication 
if and only if S' is a locally inverse semigroup. Thus a locally inverse semigroup equipped with 
the natural partial order is a partially ordered semigroup. Particularly, an inverse semigroup is 
a partially ordered semigroup under the natural partial order. 

Blyth, McFadden, McAlister and Almeida Santos introduced and studied amenable par- 
tially ordered inverse semigroup in [3, 5, 6, 7]. 

Definition 1.1. PI Let (S, •, <) be a partially ordered inverse semigroup. The partial order 
< is said to be a left(right) amenable partial order if it coincides with S on idempotents and 

1 This work is supported by a grant of the Science Foundation of Shaanxi Province( # 2011JQ1017) and a 
grant of the Science Foundation of the Department of Education of Shaanxi Province( it 12JK0872). 
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for each a, b £ S, a < b implies a~ 1 a A b~ 1 b (aa _1 A bb -1 ). If < is both a left amenable partial 
order and a right amenable partial order on S , then < is called an amenable partial order and 
S is called an amenable partially ordered inverse semigroup. 

It is easy to see that the natural partial order on inverse semigroup is an amenable partial 
order. Suppose that S is an inverse semigroup. Also, McAlister I 3 1 introduced the notion of a 
cone as the full subsemigroup Q of the subsemigroup R(E(S)) = {x £ S| (Ve £ E(S)), exe = 
xe} with the properties that QHQ -1 = E(S) and xQx -1 C Q for all x £ S. He showed 
that there exists an order-preserving bijection between the set of cones in S and the set of left 
amenable partial orders on S. 

Blyth and Almeida Santos generalized (left) amenable partial orders on inverse semigroup 
to regular semigroup with an inverse transversal in [4]. Let S' be a regular semigroup, for any 
a £ S, V (a) denotes the all inverses of a. An inverse, transversal of a regular semigroup S is an 
inverse subsemigroup S° with the property that |S° (~) V(a)\ = 1 for every a in S. The unique 
inverse of a in S°P|H(a) is written as a° and (a°)° as a°°. The set of idempotents in S° is 
denoted by E(S°) . We recall the following definition. 

Definition 1.2. M Let (S, ■, <) be a partially ordered regular semigroup with an inverse 
transversal S°. If < coincides with A on idempotents and the partial order < has the following 
property 



(Va, b £ S) a < b ==> a°a A b°b , 

then < is said to be a left amenable partial order on S. Dually, if a < b implies aa° ^ bb°, then 
< is called a right amenable partial order on S. If < is both a left amenable partial order and 
a right amenable partial order on S , then < is called an amenable partial order and S is called 
an amenable partially ordered regular semigroup with inverse transversal S° . 

A right normal orthodox semigroup is an orthodox semigroup in which the set E(S) of all 
idempotent elements of S forms a right normal band, that is to say 

(Ve, /, g £ E(S)) efg = feg. 

Suppose that S’ is a right normal orthodox semigroup with inverse transversal S°. It is easy to 
see that the subset 

R(E(S)) = {a £ S|(Ve £ E(S)) eae = ae} 
of S' is a subsemigroup of S. 

Blyth and Almeida Snatos introduced the concept of S°-cone on S in [4], which extended 
the notion of cone in inverse semigroup. Assume that S is a right normal orthodox semigroup 
with an inverse transversal S° . A non-empty subset Q of S is called a S°-cone of S if Q satisfies 
the following three conditions: 

(Cl) Q is a subsemigroup of R(E(S))\ 

(C2) QC\Q° = E(S°) ; 

(C3) (V® £ S) xQx° C Q. 
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Particularly, if Q is a S^-cone and E(S) C Q, then Q is said to be a locally maximal 
S^-cone of S. 

Let S is a right normal orthodox semigroup with an inverse transversal S° , Blyth and 
Almeida Snatos in [4] proved that there is an order-preserving bijection from the set of all 
locally maximal S^-cones to the set of all left amenable orders definable on S and the natural 
partial order is the smallest left amenable partial order (see theorems 7 and 11 in [4]). 

Suppose that S' is a locally inverse semigroup with an inverse transversal S°. Blyth and 
Almeida Santos gave a complete description of all amenable partial orders on S and showed the 
natural partial order on S is the smallest amenable partial order in [5] . They also proved that 
every amenable partial orders on S° extends to a unique amenable partial order on S. 

In this paper, we will give a new characterization of the amenable partial orders on S. 
We first introduce the CS °- cone of S, which modify the definitions of cone in [3] and S°-cone 
in [4]. Being similar to [5], by an CS°- cone, we can construct an amenable partial order on 
S. Conversely, every amenable partial order on S can be constructed in this way. It is easily 
verified that the set E(S°) of all idempotent elements of S° is the smallest CS °- cone of S. 
Also, we show that the amenable partial order constructed by E(S°) is equal to the natural 
partial order on S and so the natural partial order on S is the smallest amenable partial order. 
Finally, it is established that for any (but fixed) the inverse transversal S° of S, there is an 
order-preserving bijection from the set of all amenable partial orders on S to the set of all 
amenable partial orders on S° and so every amenable partial order on S° is uniquely extended 
to an amenable partial order on S. 



§2. Constructing amenable partial orders 

Suppose that (5, •) is a regular semigroup with an inverse transversal S° . The following 
two statements are needed. Blyth and Almeida Santos say in [5] that S satisfies the following 
formular 



(Va, b G S) (ab)° = ( a°ab)a° = b°(ab°b)° = b°(a°abb 0 ) 0 , {a°b)° = b°a°°, ( ab°)° = b°°a°. (1) 

According to Blyth and Almeida Santos in [5], if S is locally inverse, then 

(Va, b,ceS) a° bc° = a°b°°c°. (2) 

Suppose that S' is a regular semigroup with an inverse transversal S° . Blyth and Almeida 
Santos say in ([4] and [5]) that the two subsets of E(S) 

A = {x°x\ x G S}, I = {.Ta; 0 | x £ S} 

are respectively right regular subband and left regular subband of E(S). Hence, we immediately 
have 

Lemma 2.1. Let S be a locally inverse semigroup with an inverse transversal S° . Then 
A is a right normal subband of E(S) and I is a left normal subband of E(S). 

Proof. Suppose that S is a locally inverse semigroup with an inverse transversal S° . 
Consider the set 
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E(S °) C = {a; G /S'°|(Ve G ^(-S 10 )) ex = xe}, 

which is the centralizer of E(S°) in ^“(see section 5.3 in [2]). It is easy to see that E(S°)£ is a 
subsemigroup of S°. Now, we have 

Definition 2.1. I 5 1 Suppose that S is a locally inverse semigroup with an inverse transver- 
sal S°. A subset Q of S° will be called an CS °- cone if 

(i) Q is a subsemigroup of E(S°)£; 

(ii) Qf| Q°=E(S°); 

(hi) (Vx G S) x°Qx°° C Q. 

It is easy to see that E(S°) is an CS°- cone. The following result will show that an amenable 
partial order on S also can be constructed by an CS°- cone. 

Theorem 2.1. Suppose that S’ is a locally inverse semigroup with an inverse transversal 
S°. Let C be an CS°- cone. Then the relation <c defined on S by 

x <C y XX° A yy°, x° x < y°y , x°y°°, y°°x° G C 

is an amenable partial order on S. 

Proof. It is easily seen that <c is reflexive. Suppose that x <c y and y <c x. From the 
definition of <c we have xx° = yy°, x°x = y°y , x°y°°, y°x°° G C. Thus y°x°° = ( x°y°°)° G 
(7 P| C° = E(S°), since C is an CS°- cone. It follows from xx° = yy° and (1) that x°°x° = 
(xx°)° = ( yy°)° = y°°y° and so y° = y°y 00 y° = y°x°°x°, which gives y° A x°. Likewise, 
x° A y° and so x° = y°, furthermore, we have x°° = y°° . Hence, x = xx° • x°° • x°x = 
yy° ’ y°° ■ y°y = 2/, this shows that <c is anti-symmetric. If x <c y and y <c z, then 
x°x A y°y H z°z , xx° A yy° < zz° and x°y°° , y° z°° G C. We obtain from xx° A yy° that 
xx°yy° = xx°. It follows from definition 2.1 that x°y°°y°z°° G C. Thus, we have 



o oo o oo o o oo o oo 

x y y z = x xx y y z 



Of o o\ o 

= x (xx yy )z 



Consequently x°z°° G C, similarly, we have z°°x° G C and so x <c z- Hence, <c is transitive. 

Thus we show that <c is a partial order on S. 

Suppose that x <c y ■ For any z G S, we have 

(. zx)°(zy)°° = x° (zxx°)° (zy)°° 

= x° (zyy° xx°)° (zy)°° 

= x° x°° x° y°° (zy)° {zy)°° 

= x°y°°(zy)°(zyr 
G CE(S°) 

C C. 



{ E(S ° ) C C) 
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and 

(zy)°°{zx)° =(zy)°°x°(zxx°)° (by(l)) 

= { z yy° y)°° x ° (zxx° yy°)° 

= ( zyy°)°°y° 0 x 0 {zyy°xx 0 )° 

= (zyy°)°°y°°x°x°°x°(zyy°y 
= (zyy°)°°y 00 x°(zyy°)° 

£ C. (y°°x° £ C) 

Hence, we have (zx)°(zy)°°, ( zy)°°(zx)° £ C. It follows from theorem 8 in [5] that zx(zx)° A 
zy(zy)° and ( zx)° zx A ( zy)°zy . Thus, we see zx <c zy, therefore <c is compatible on the 
left. Dually, we have that <c is also compatible on the right and so (S, •, <c) is a partially 
ordered semigroup. 

In the following, we will show that the partial order <c coincides with the natural partial 
order on E(S). Suppose that e, / £ E(S) and e <c /■ Then e°e < f°f, ee° A ff° and 
so e°ef°f = e°e, ff°ee° = ee°. Pre-multiplying e°ef°f = e°e by e, we obtain e = (e/°)/, 
post-multiplying this by /, we have ef = (ef°)f = e. Similarly, we have /(/°e) = fe = e, 
consequently e< f . If e, / £ E(S) and e A /, then e = ef = fe , further, we have e°e(f° f) = 
e ° e /(/°/) = e°e/ = e°e, post-multiplying this by e°e, we have e°e(/°/)e°e = e°e, by lemma 
2.1, we have f° fe°e = e°e, hence, e°e S /°/, similarly, we have ee° S ff°. It is clear that 
e°/°°, f°°e° £ C, hence, e <c /■ Consequently, <c coincides with S on idempotents. By 
definition 1.1, we have that <c is an amenable partial order. 

Assume that S is a locally inverse semigroup with an inverse transversal S° and < is a 
partial order on S. We denote by < s the restriction of < on S° . Then the following lemma is 
clear. 

Lemma 2.2. Suppose that S' is a locally inverse semigroup with an inverse transversal 
S°. If < is an amenable partial order on S, then < s is an amenable partial order on S°. 

Lemma 2.3. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then 

(Vo, 6 £ S) a<b=>a°° < s ° b°°. 

Proof. Suppose that a < 6, then aa° A bb° and a°a < b°b by definition 1.1. Hence, 
we have aa°bb° = aa° and a°ab°b = a°a, by (1) and (2), we have ( aa°bb°)° = ( aa°b°°b°) 0 = 
b°°b°a°°a° = (aa°)° = a°°a°. This shows that a°°a° A b°°b°. Likewise, a°a°° A b°b°°. 
Since < is an amenable partial order, we have a°°a° < b°°b° and a°a°° < b°b°°, consequently 
a°° = a°°a°aa°a°° < b 00 b°bb°b° 0 = b°°. From a°°, b°° £ S° we have a°° < s ° b°°, as required. 

Proposition 2.1. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then there exists an CS°- cone C 
such that <c=<- 

Proof. Assume that < is an amenable partial order on S, we denote by < s ° the restriction 
of < on S°. By lemma 2.3, we have < s is an amenable partial order on S° . Let 



C = {x\x £ S°, x°x < s ° x, xx° < s ° x}, 
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it is easily to see that E(S°) C C. By lemma 2.1 (m) in [3] and its dual, we have C is the subset 
of E(S°)(. Now let x, y G C. Then 



(; xy)°xy = 


O O 

y x xy 


(x, y g S°) 


= 


o o o 

y yy x xy 




< s ° 


yy°x°xy 




= 


x°xyy°y 


( E(S° ) is a semilattice) 


= 


x°xy 




< s ° 


xy. 




Similarly, we have xy(xy)° < s xy. Hence, xy G C. This shows that C is a subsemigroup of 








Suppose that x, x° G C. Then x 


°X < S ° X , x°°x c 


5 < s ° x°. From x G 5° we obtain 


x°° = x, thus we have xx° < s x°, post-multiplying this by x, we have x < s x°x whence 


x = x°x G E(S° ), hence, we have CplC 0 C E(S°). 


On the other hand, it is clear that 


E(S°) C Cf)C°. Consequently E(S°) = 


--Cf]C°. 




For any x G S, a G C, we have 






(x° ax°°)° (x° ax°°) = 


x° a° x°° x° ax°° 


(by (l)) 


= 


o o oo o oo 

x a x x ax x 


o OO 

: • x 


= 


x°a° ax°°x° ■ x°° (a G C C E(S°) Q 


= 


o o OO 

x a ax 




< S ° 


o oo 

x ax . 


( a°a < s a) 



Dually, we have (x° ax°°)(x° ax°°)° < s ° x°ax°° . Thus we have x°ax°° G C and so x°Cx°° C C. 
It follows from definition 2.1 that C is an CS°- cone. 

Consider the corresponding partial order <c given by x <c y •<=>■ xx° ^ yy°, x°x -< 
y°y,x°y°°, y°°x° G C. We can obtain from theorem 2.1 that <c is an amenable partial order 
on S. In the following, we will show that <c=fC 

Suppose that x <c y- Then xx° ■< yy° and x°y°° G C, hence, we have 



x°°x° = (xx°yy°)°° 

= (xx°y°°y°y 



= x°° x° y°° y° 

= y°° y° x°° x° y°° y° 

= y°°(x°y°°)°(x°y°°)y° 
< s ° y°°(x°y°°)y° 

= y 0 °x°y°°y° 

= y°° x° x°° x° y°° y° 

= y 00 x 0 (x 00 x°y 00 y°) 

= y°° x° x°° x° 



(by (2)) 
(by (1)) 
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Since < is an amenable partial order, we have x = xx°x°°x°x < xx°y°°x°x < yy°y°°y°y = y. 
Consequently <c^<. 

Suppose that a, b £ S and a < b. It follows from a < b that aa° ^ bb° and a°a A b°b, 
furthermore, we have b°b°°a° = a°. By lemma 2.3, we have a°° < s ° b°°. Hence, ( a°b)°(a°b)°° = 
b°a 00 a°b°° < s ° b°b 00 a°b 00 = a°b°° = ( a°b)°° , i.e., ( a°b)°(a°b )°° < s ° (a°b)°°. Similarly, we 
have (a° b)°° (a° b)° < s ( a°b)°° . Thus we obtain that a°b°° = ( a°b)°° £ C. Similarly, we have 
b°°a° £ C . From the definition of <c we have a <c b and so <C<c. Therefore <c=<- 

It is to see E(S°) is the smallest CS°- cone, by proposition 2.1 and theorem 11 in [5], we 

have 

Theorem 2.2. Suppose that S' is a locally inverse semigroup with an inverse transversal 
S°. Then <e(s°) defined by (*) is the smallest amenable partial order on S and <_e(s°)=S. 
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Abstract In this paper, we introduced Samarandache-2-algebraic structure of Boolean-near- 
ring namely Smarandaclie-Boolean-near-ring. A Samarandache-2-algebraic structure on a set 
N means a weak algebraic structure Si on N such that there exists a proper subset M of 
N, which is embedded with a stronger algebraic structure S 2 , stronger algebraic structure 
means satisfying more axioms, that is Si << S 2 , by proper subset one understands a subset 
different from the empty set, from the unit element if any, from the whole set We define 
Smarandache-Boolean-near-ring and obtain the some of its characterization through Boolean- 
ring with sub-direct sum structure. For basic concept of near-ring we refer to G. Pilz h 1 !. 
Keywords Boolean-ring, Boolean-near-ring, Smarandache-Boolean-near-ring, compatibility, 
maximal set, idempotent and uni-element. 



§1. Preliminaries 

Definition 1.1. A (Left) near ring A is a system with two Binary operations, addition 
and multiplication, such that 

(i) the elements of A form a group ( A , +) under addition, 

(ii) the elements of A form a multiplicative semi-group, 

(iii) x(y + 2 ) = xy + xz, for all x, y and z € A. In particular, if A contains a multiplicative 
semi-group S whose elements generates (A, +) and satisfy, 

(iv) (x + y)s = xs + ys, for all x,y £ A and s £ S, then we say that A is a distributively 
generated near-ring. 

Definition 1.2. A near-ring ( B , +, •) is Boolean-near-ring if there exists a Boolean-ring 
(A, +, A, 1) with identity such that is defined in terms of +, A and 1, and for any b £ B,b-b = b. 

Definition 1.3. A near-ring is said to be idempotent if x 2 = x, for all x £ B. 

i.e. If (B, +, •) is an idempotent ring, then for all a, b £ B, a + a = 0 and a ■ b = b ■ a. 

Definition 1.4. Compatibility a £ b i.e. ”a is compatibility to 6” if ab 2 =a 2 b. 

Definition 1.5. Let A = (• • • , a, b , c, • • • ) be a set of pairwise compatible elements of 
an associate ring R. Let A be maximal in the sense that each element of A is compatible with 
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every other element of A and no other such elements may be found in R. Then A is said to be 
a maximal compatible set or a maximal set. 

Definition 1.6. If a sub-direct sum R of domains has an identity, and if R has the 
property that with each element a, it contains also the associated idempotent a 0 of a, then R 
is called an associate subdirect sum or an associate ring. 

Definition 1.7. If the maximal set A contains an element u which has the property that 
a < it, for all a £ A, then u is called the uni-element of A. 

Definition 1.8. Left zero divisors are right zero divisors, if ab = 0 implies ba = 0. 

Now we have introduced a new definition by [3] . 

Definition 1.9. A Boolean-near-ring B is said to be Samarandache-Boolean-near-ring 
whose proper subset A is a Boolean-ring with respect to same induced operation of B. 

Theorem 1.1. A Boolean-near-ring (B, V, A) is having the proper subset A , is a maximal 
set with uni-element in an associate ring R , with identity under suitable definitions for (B,+,) 
with corresponding lattices (A, <) (A, <) and 
a\/ b = a + b — 2a°b = (a U b) — (a fl b), 
a Ab = adb = a°b = ab°. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Given ( B , V, A) is a Boolean-near-ring whose proper subset (A, V, A) is a maximal 
set with uni-element in an associate ring R , and if the maximal set A is also a subset of B. 

Now to prove that B is Smarandache-Boolean-near-ring. It is enough to prove that the 
proper subset A of B is a Boolean-ring. Let a and b be two constants of A, if a is compatible 
to b, we define a Ab as follows: 

If a* = bi in the i-component, let (a A b)i = Ch; 
if ai ^ bi, then since a~b precisely one of these is zero; 
if dj = 0, let (a A b)i = bi y^ 0; 
if bi = 0, let (a A b)i = a, y^ 0. 

It is seen that if a A b belongs to the associate ring R, then a A b < u, where u is the 
uni-element of A, and therefore, a Ab £ A. 

Consider a Ab = a + b — 2 a°b : 

If in the i-component, 0 y^ dj-ft*, then since (a 0 )* = 1; = (b°)i, we have (a + b — 2 a°b)i = 0*; 
if 0i = dj = bi, then (a 0 )* = 0 and (b°)i = 1, whence, (a + b — 2 a°b)i = bf, 
if cij y^ 0 and bi= 0 then (a + b — 2 a°b) = 0^. 

Therefore a Ab £ A, the maximal set. 

Similarly, the element aAb = afl& = a°b = ab° = glb(a, b) has defined and shown to belongs 
to A as the glb(a, b). Now let us show that (A, V, A) is a Boolean-ring. Firstly, a V a = 0, since 
a i = a,i in every i-component, whence (a V a)i vanishes, by our definition of ’V’. Secondly 
aAa = ana = a°a = a, and so a is idempotent under A. We have shown that A is closed under 
A is V, and associativity is a direct verification, and each element is itself inverse under A. 

To prove associativity under A : 

For aA(bAc) = a°(b A c) = a°(b°c ) = a°(bc° ) = ( a°b)c° = (a A b)°c = (a Ab) Ac 
=> a A (b A c) = (a A b) A c, for all a,b,c£ R. 

For distributivity of A over A, let c be an arbitrary element in A. 
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Now cA(aV6) = c°(a V b) = c°(aU&) — c 0 (afl&) = (c°aUc°6) — c°a°b = c° a + c°b — c° a°b — 
c°a°6 = c°a + c°b — 2 c°a°b = (c A a) V (c A b) => c A (a V 6) = (c A a) V (c A 6). Hence (A, V, A) 
is a Boolean-ring. 

It follows that the proper subset A, a maximal set of B forms a Boolean ring. B is a 
Boolean-near-ring, whose proper subset is a Boolean-ring, then by definition, B is a Smarandache- 
Boolean-near-ring. 

Theorem 1.2. A Boolean-near-ring (H,V, A) is having the proper subset (A, +, A, 1) is 
an associate ring in which the relation of compatibility is transitive for non-zero elements with 
identity under suitable definitions for ( B , +, •) with corresponding lattices (A, <) (A, <) and 
a\J b = a + b — 2 a°b = (a U b) — (a f! b ) , 
a /\b = aCib = a°b = ab°. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Assume that ( B , +, •) be Boolean- near-ring having a proper subset A is an asso- 
ciate ring in which the relation of compatibility is transitive for non-zero elements. 

Now to prove that B is a Smarandache-Boolean-near-ring, i.e. , to prove that if the proper 
subset of B is a Boolean-ring, then by definition B is Smarandache-Boolean-near-ring. We have 
0 is compatible with all elements, whence all elements are compatible with A and therefore, are 
idempotent. 

Then assume that transitivity holds for compatibility of non-zero elements. It follows that 
non-zero elements from two maximal sets cannot be compatible (much less equal), and hence, 
except for the element 0, the maximal sets are disjoint. 

Let a be a arbitrary, non-zero element of R. If a is a zero-divisor of R, then the idempotent 
element A — a 0 ^ 0. Further A — a 0 belongs to the maximal set generated by the non-zero 
divisor a' = a + A — a 0 , since it is (A — a 0 ) a' = (A — a 0 ) (a + A — a 0 ) = (A — a 0 ) = (A — a 0 ) 2 
i.e. A — a 0 < a'. Since also a < a! and a ~ A — a 0 , therefore, a is idempotent. i.e. All the 
zero-divisors of R are idempotent which is a maximal set then by theorem 1 and by definition 
A is a Boolean-ring. Then by definition, B is Smarandache-Boolean-near-ring. 

Theorem 1.3. A Boolean-near-ring (B,V, A) is having the proper subset A, the set A of 
idempotent elements of a ring R , with suitable definitions for V and A, 
a\/ b = a + b — 2o°& = (a U b) — (a fl b), 
a /\b = aPib = a°b = ab°. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. 

Assume that the set A of idempotent elements of a ring R, which is also a subset of B. 
Now to prove that B is a Smarandache-Boolean-near-ring. It is sufficient to prove that the set 
A of idempotent elements of a ring R with identity forms a maximal set in R with uni-element. 
By the definition of compatible, then we have every element of R is compatible with every 
other idempotent element. If a £ R is not idempotent then, a 2 ■ 1 ^ a ■ l 2 , since the definition 
of compatible. Hence no non-idempotent can belong to this maximal set. Thus the set A is 
idempotent element of R with identity forms a maximal set in R whose uni-element is the 
identity of f?, by theorem 1 and by definition. A, a maximal set of B forms a Boolean ring 
Then by definition, it concludes that B is Smarandache-Boolean-near-ring. 
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Theorem 1.4. A Boolean-near-ring (£?,V,A) is having the proper subset, having a non- 
zero divisor of A , as an associate ring, with suitable definitions for V and A, 
aVb = a + b— 2 a°b = (a U b) — (a fl b) 
a Ab = a (lb = a°b = ab°. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Let B is Boolean-near-ring whose proper subset having a non-zero divisor of 
associate ring A. 

Now to prove that B Smarandache-Boolean-near-ring. It is enough to prove that every 
non-divisor of A determines uniquely a maximal set of A with uni-element. 

Let a be the uni-element of a maximal set A then we have b < a, for b £ A. 

Consider all the elements of A in whose sub-direct display one or more component cii 
duplicate the corresponding component rq of u, the other components of a being zeros, i.e. , 
all the element a such that a < u , becomes u is uni-element. Clearly, these elements are 
compatible with each other and together with u form a maximal set in A, for which u is the 
uni-element. Hence A is a maximal set with uni-element and by theorem 1 and definition A , a 
maximal set of B forms a Boolean ring. 

Then by definition, B is Smarandache-Boolean-near-ring. 

Theorem 1.5. A Boolean-near-ring (R,V, A) is having the proper subset A, associate 
ring is of the form A = uj, where u is a non-zero of A and J is the set of idempotent elements 
of A , with suitable definitions for V and A, 
a\/ b = a + b — 2a°b = (a U b) — (a fl b), 
aAb = anb = a°b= ab°. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Assume that the proper subset A of a Boolean-near-ring B is of the form A = uj, 
where u is non-zero divisor of A and J is the set of idempotent elements of A. Now to prove 
B is Smarandache-Boolean-near-ring. It is enough to prove that A is a maximal set with 
uni-element . 

(i) It is sufficient to show that the set uj is a maximal set having u as its uni-element. 

(ii) If b belongs to the maximal set determined by u, then b has the required form b = u e , 
for some e £ J. 

Proof of (i). It is seen that u e ~ Uf i.e. u e is compatible to Uf with uni-element u, for all 
e, / € J, since idempotent belongs to the center of A. Also, u e < u, since u e ■ u = u\ = {u e ) 2 . 

Proof of (ii). We know that A is an associate ring, the associated idempotent aP of a has 
the property: if a ~b then a°b = ab° = b°a = her: if a £ A Ul then since a < u and u° = 1, we 
have A = u°a = au° = a°u, for all a 0 £ J. 

Hence A is a maximal set with uni-element of of B by suitable definition and by theorem 
1 then we have A is a Boolean-ring. Then by definition, B is Smarandache-Boolean-near-ring. 
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§1. Introduction and preliminaries 

Definition 1.1. Gegenbauer polynomials or ultraspherical polynomials C%(x) are orthog- 
onal polynomials on the interval [-1,1] with respect to the weight function (1 — x 2 ) a ~i. They 
generalize Legendre polynomials and Clrebyshev polynomials, and are special cases of Jacobi 
polynomials. They are named for Leopold Gegenbauer. 

Gegenbauer polynomials are particular solutions of the Gegenbauer differential equation 

(1 — x 2 )y" — (2a + l)xy' + n(n + 2 a)y = 0 . 

When a = the equation reduces to the Legendre equation, and the Gegenbauer polyno- 
mials reduce to the Legendre polynomials. 

They are given as Gaussian hypergeometric series in certain cases where the series is in 
fact finite 

CZ(z) = {2 ^ 2 F 1 ( - n, (2a + n); a + * ; . 

They are special cases of the Jacobi polynomials 



C°(z) = 



(a + \) 



-p£ ^(x). 



One therefore also has the Rodrigues formula 
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Definition 1.2. The Pochhammer’s symbol is defined by 



(6, k) 



(b)k = 



T(b + k) 

m 



b(b+i)---(b+k~i), 



i 

k\ 
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if k= 1,2,3,- •• ; 
if k = 0; 

if 6=1, fc = 1,2,3, ••• 



where b is neither zero nor negative integer and the notation T stands for gamma function. 

Definition 1.3. In mathematics, the Bernoulli polynomials occur in the study of many 
special functions and in particular the Riemann zeta function and the Hurwitz zeta function. 
This is in large part because they are an Appell sequence, i.e., a Sheffer sequence for the ordinary 
derivative operator. Unlike orthogonal polynomials, the Bernoulli polynomials are remarkable 
in that the number of crossings of the x-axis in the unit interval does not go up as the degree of 
the polynomials goes up. In the limit of large degree, the Bernoulli polynomials, appropriately 
scaled, approach the sine and cosine functions. 

The Bernoulli polynomials B n {x) admit a variety of different representations. Which 
among them should be taken to be the definition may depend on one’s purposes. 

Definition 1.4. Explicit formula is defined by 



B n{x) = Y 
k = 0 




B k x n ~ k , 



for n > 0, where B k are the Bernoulli numbers. 

Definition 1.5. In mathematics, the Hermite polynomials are a classical orthogonal poly- 
nomial sequence that arise in probability, such as the Edgeworth series; in combinatorics, as an 
example of an Appell sequence, obeying the umbral calculus; in numerical analysis as Gaussian 
quadrature; and in physics, where they give rise to the eigenstates of the quantum harmonic 
oscillator. They are also used in systems theory in connection with nonlinear operations on 
Gaussian noise. They are named after Charles Hermite (1864) although they were studied 
earlier by Laplace (1810) and Chebyshev (1859). 

There are two different standard ways of normalizing Hermite polynomials: 

x 2 d n x 2 

He n (x) = (- lre^^e-^, 

(the “probabilists’ Hermite polynomials” ), and 

= (-l)V — e =«-(x--) e 
(the “physicists’ Hermite polynomials” ). 

These two definitions are not exactly equivalent; either is a rescaling of the other, to wit 
H n (x) = 2 ? He n (V2x), He n (x) = 2 

The notation He and H is that used in the standard references Tom H. Koornwinder, Rod- 
erick S. C. Wong, and Roelof Koekoek et al(2010), and Abramowitz & Stegun. The polynomials 
He n are sometimes denoted by H n , especially in probability theory, because ^=e 2 is the 
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probability density function for the normal distribution with expected value 0 and standard 
deviation 1. 

The first eleven probabilists’ Hermite polynomials are: 

He 0 (x) = 1, 

He i(x) = x, 

He 2 {x) = x 2 — 1, 

He 3 (a;) = x 3 — 3x, 

He 4(x) = x 4 — 6x 2 + 3, 

He 5 (x) = x 5 — 10a; 3 + 15a;, 

He 6 ( x) = x 6 — 15a; 4 + 45x 2 — 15, 

He r(x) = x 7 — 21x 5 + 105x 3 — 105x, 

He 8 (x) = x 8 - 28x 6 + 210a; 4 - 420x 2 + 105, 

He g (x) = x 9 - 36a; 7 + 378x 5 - 1260x 3 + 945x, 

He io (x) = x 10 - 45 x 8 + 630x 6 - 3150x 4 + 4725x 2 - 945, 
and the first eleven physicists’ Hermite polynomials are: 

H 0 (x) = 1, 

Hi(x) = 2x, 

H 2 (x) = 4x 2 - 2, 

H :i (x) = 8x 3 - 12x, 

H 4 (x) = 16x 4 - 48x 2 + 12, 

H 5 (x) = 32x 5 - 160x 3 + 120x, 

H 6 (x) = 64x 6 - 480x 4 + 720x 2 - 120, 

H 7 (x) = 128x 7 - 1344x 5 + 3360x 3 - 1680x, 

H 8 (x) = 256x 8 - 3584x 6 + 13440x 4 - 13440x 2 + 1680, 

H 9 (x) = 512x 9 - 9216x 7 + 48384x 5 - 80640x 3 + 30240x, 

H w {x) = 1024x 10 - 23040x 8 + 161280x 6 - 403200x 4 + 302400x 2 - 30240. 

Definition 1.6. The sequence of Lucas polynomials is a sequence of polynomials defined 
by the recurrence relation 

( 2x° = 2 , if n = 0; 

lx 1 = x , if n = 1; 

x 1 L n _i(x) + x°i„_ 2 (x) , if n > 2. 
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The first few Lucas polynomials are: 

L 0 (x) = 2, 

Li(x) = x, 

L 2 (x) = x 2 + 2, 

L 3 (x) = x 3 + 3x, 

L 4 (x) = x 4 + Ax 2 + 2. 

Definition 1.7. In mathematics, the Fibonacci polynomials are a polynomial sequence 
which can be considered as a generalization of the Fibonacci numbers. 

These Fibonacci polynomials are defined by a recurrence relation: 



0 



if n = 0; 
if n = 1; 
if n > 2. 



F n (x) = { 1 

xF n _i(x) + F n _ 2 (x) 

The first few Fibonacci polynomials are: 

F 0 (x) = 0, 

Fi(x) = 1 , 

F 2 {x) = x , 

F 3 (x) = x 2 + 1, 

F±(x) = x 3 + 2x. 

Definition 1.8. The polylogarithm (also known as Jonquie’s function) is a special function 
Li s (z) that is defined by the infinite sum, or power series 

OO h. 

*.(*) = Ef- 

fc= 1 

It is in general not an elementary function, unlike the related logarithm function. The above 
definition is valid for all complex values of the order s and the argument 2 where | 2 |< 1. 

Definition 1.9. Generalized ordinary hypergeometric function of one variable is defined 

by 

«i, «2, • • • , a A ; 



i Fb 



bi, b- 2 , ■ ■ ■ ,bs 



= E 

k=0 



Mkj^k ' ' ' (dA)kZ k 
(&l)fc(&2)fc • ' • (b s)kk! 



or 





l 

1 




1 

5? 

e 

i 


aFb 


z 


III 

to 


z 




1 

1 




i 

i 



E 

k — 0 



(( a A ))kZ k 

((&s))fefc! ’ 



where denominator parameters b\, b 2 , • • • , 6_b are neither zero nor negative integers and A, B 
are non-negative integers. 
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§2. Main indefinite integrals 



sin a; H 2 (x)L\(x)F\(x) 






dx 



smx 






sinx 



(2 + 2z)^cos ^ — sin ^ x (— 1)* |96x 2 Lz 3 ^ — (— l)*e 2 ^ — 96x 2 Lz 3 ^(— 1) « e 2 ^ 

— 4z(4x 2 — 1 )xLz 2 ^ — (— l)*e^ ^ + 4z(4x 2 — 1 )xLz 2 ^(— 1) ^ + 384zxl/z 4 ^ — (— l)ie^j 

— 384ta;Lz4^(— l) I e" 2 " ^ — 8Lz 3 ^ — (— l) 3 e" 2 “ ^ + 8Li 3 ^(— l) 3 e" 2 " ^ — 768L*5^ — (— l)^e~ 'j 
+768L*5 ^(— l)*e^ ^ — 2x 4 log ^1 — (— l)*e^ + 2a; 4 log ^1 + (— + x 2 log ^1 — (— l)*e^ 
-a; 2 log (l + (-l)Se^) j - (1 - z)(2x 4 - 16x 3 - 97a: 2 + 388x + 776) sin | 



+(— 1 + z)(2x 4 + 16x 3 — 97a: 2 — 388x + 776) cos — 



Constant. 



cosx L^(x) 
\ ^ 



dx — 



1 



cosx 



. x 

/ Sm n 

5+1 — cosx 2 



80 ix 3 Li 2 (e 2 + 480 x 2 Lz 3 a* ^ — 480x 2 Lz 3 ^ — e "a ^ 

+80z(x 2 + 2)xLi 2 ^ ^ — 160zxLz 2 — 1920zxLz4 ^eT * \ — 1920zxLz4 ^ ^ 

-320Lz 3 ( - e^j +320Li 3 (e^ -3840 Li 5 (e~^') +3840 Lz 5 (-et) + lx 5 + 10x 4 log(l - e~^) 
— 10x 4 log(l + ) + 20x 4 cos ^ — 160x 3 sin ^ + 40a; 2 log(l — ) — 40a; 2 log(l + e" ) 

— 880x 2 cos ^ + 3520a; sin ^ + 7080 cos ^ + 20 log ^ tan ^ — 16 z 7 t 5 + Constant. 



cosh 3 a; L 3 (x) C 3 (x) 



\/l — cosh 2 x 
1 



dx 



sinhx< 67200x 3 Li 4 (e 2a: ) - 100800x 2 Lz 5 (e 2:E ) + 3360(4x 4 + 6x 2 - 3 )xLi 2 {e 2x ) 



1680 y/~ sinh 2 x 

— 1680(20x 4 + 18x 2 - 3 )Li 3 (e 2x ) + 30240 xLi 4 (e 2x ) + 100800xLz 6 (e 2a; ) - 15120Lz 5 (e 2a: ) 
-50400Lz 7 (e 2a: ) - 640x 7 + 4480x 6 log(l - e 2x ) + 1120x 6 cosh 2x - 2016x 5 - 3360x 5 sinh 2x 
+10080x 4 log(l — e 2x ) + 10920x 4 cosh 2x + 3360x 3 — 21840x 3 sinh 2x — 10080x 2 log(l — e 2x ) 

+30240x 2 cosh 2x — 30240x sinh 2x + 15120 cosh 2x + 5z7r 7 — 63z7r 5 — 420 z 7 t 3 )■ + Constant. 



cosx Li(x) Hi(x) Fi(x) 



dx 



J y/l — cos : 

1 . X 

— 1^=^= sm + 

2+1 — cos x 2 L 

— 384zLz4(e - ^-) — 384zLz4(— ) + zx 4 + 8x 3 log(l — e~ ^-) — 8x 3 log(l + ) 



48 bx 2 Li 2 {e + 48zx 2 Lz 2 (— e 2 ) + 192 xLi 3 (e ^-) — 192xLz 3 (— e 2 ) 



+16x 3 cos ^ — 96x 2 sin ^ + 768 sin ^ — 384x cos ^ — 8z7r 4 



Constant. 
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coshx Hi(x ) Bi(x) 



dx 



(8a; — 2)Li 2 (—e 2 ) + (2 — 8x)Li 2 (e 2 ) 



J /I — cosh a; 

2 a: 

. sinh — 

/I — cosh a; 2 

+16Li 3 (— e~ ) — 16L*3(e~ ) + 2x 2 log(l — e -2 "" ) — 2x 2 log(l + e ~ ) + 4x 2 cosh 

Zj 

_ x _ x XX X X 

— x log(l — ) + x log(l + e T ) — 16x sinh — + 4 sinh — — 2x cosh — + 32 cosh — 

+Constant. 
coshx F 2 (x) 



i 



dx 



cosx 



- s /T^cosxV25 25 






e 

t; e“) + 2e“ 3 F 2 (| + + i, 1; \ + t, ! + t; e“) - (2 - o)xe 2x 2 F 1 ( - | - t, , 1; ^ - t; e“ 



X 

2> " sm - 
2 






2e ZX 3F 2 ( 1; - - i, 



+(2 — t)xe LX 2 Fi + l, , 1; - + t; e ta: ^ + (2 — t) 



- /xe 2 * - 2e 2a: 



+ Constant. 



cosx L 3 (x) 

VT^ 



cosx 



,, 1.x 

dx = — — sin — 

4/1 — cos x 2 



48 



LX 2 Li 2 (e " 2 ^ + 48i(x 2 + l)Lz 2 ^ — e° 2 ^ 



+192xL* 3 s’ ^ — 192 xL* 3 ^ — e 2< — A8iLi 2 ^ — 384(1// ^ ^ — 384(1// ^ — e "a ^ 

+(X 4 + 8x 3 log ^1 — e T ^ — 8x 3 log ^1 + J + 16x 3 cos ^ — 96x 2 sin ^ + 24xlog ^1 — ^ 

— 24xlog ^ 



1 + e 2 ) + 672 sin ^ — 336x cos ^ — 8(7r 4 



+ Constant. 



sinx 7*13 (x) 
a/ 1 — coshx 
233 



25/1 — cosh x 



dx 

e -**(e*_l) 



i'. ■ 1 . _ Z'. ^ 



’ 2 



(8 + 6 /,) 3 F 2 (^~ 

-(8 - 6()e 2 “ 3 F 2 ^ + t, ^ + i, 1; ^ + t, ^ + i; coshx + sinhx^ 
+5x{(2 — () 2Fl Q-c,l;^-r,e^ 

+ (2 + ()e 2ta: 2 -F’i^ + (, 1; ^ + (; coshx + sinhxj | 

f sinx Fig(x) 



’ 2 



r,e x ) 



+ Constant. 



J / 1 — coshx 
4181 

25/1 — cosh x 



dx 

e -«*( e *_l) 

'1 1 



(8 + 6i) 3 F 2 ^ 



- — l, - — t, 1 ; - — i. - — l: e 



’ 2 



’ 2 



-(8 - 6 ()e 2 “ 3 F 2 (- + (, - + (, 1; - + (, - + t; coshx + sinlix^j + 



5x|(2 - i) 2 F-\ (- - t, i; - - (; e x ^ 

+ (2 + ()e 2ta: 2 F\{^ + t, 1; ^ + t; coshx + sinhxj | 



+ Constant. 
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f cosh a; L 2 (x) C 2 (x) 
J y/1 — cosh a; 

2 . , x 

— , = sinh — 

5\/l — cosh a; 2 L 



dx 



80a; 3 Li2(e 2 ) + 480a; 2 Lt3(— e 2 ) — 480a; 2 Li 3 (e 2 ) 



+20(4a: 2 + 3)xLi 2 (—e 2 ) — 60a:Lt2(e 2 ) 

+ 1920xLi4(—e ~ ) + 1920a;Lt4(e 2 ) + 120L*3(— e ~ ) 

-120Li 3 (e^) + 3840Lt 5 (-e^) - 3840Li 5 (e f ) - a; 5 
— 10a: 4 log(l + e T ) + 10a; 4 log(l — ) + 20x 4 cosh ^ — 160a: 3 sinh ^ 

+15a; 2 log(l — ) — 15a: 2 log(l + ) + 990a: 2 cosh ^ 



—3960a; sinh - + 7900 



cosh — — 10 log ( tanh — ) — 16t7r E 
2 6 V 47 



Constant. 



§3. Derivation of the integrals 



Involving the method of same type of [6] , one can derive the integrals. 



§4. Conclusion 

In our work we have established certain indefinite integrals involving Fibonacci polyno- 
mials, Lucas polynomials, Bernoulli polynomials and Hermite polynomials. We hope that the 
development presented in this work will stimulate further interest and research in this important 
area of Mathematics. 
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Abstract Basing on the priori assumption principle, the main goal of this paper is to propose 
the rational expansion method that can be used to handle the exact solution of the nonlinear 
partial differential equation. It is extension of tanh function method. As an application, three 
classes of exact solutions to Klein-Gordon-Schrodinger equation are obtained. 

Keywords Klein-Gordon-Schrodinger equation, exact solution, tanh function method, 
rational expansion method. 



§1. Introduction 

The investigation of exploring the exact traveling wave solutions of nonlinear mathemat- 
ical physics equations plays an important role in the study of the solitary wave solution. Up 
to now, a variety of methods, such as inverse scattering method, Backhand, transformation 
method, Hirota, bilinear method, homogeneous balance method and tanh method [1-5]. The 
tanh method is one of the most direct and effective algebraic for computing the exact traveling 
wave solution. In this paper, we extend the method by replacing tanh function with some other 
functions f(x), such as polynomial function, trigonometric and elliptical function, where the 
choice of the function f(x) is different according to equation. Similarly to the steps introduced 
in [6], we can get the exact solution for equation, namely, assume that after simplifying the 
solution of the simplified nonlinear PDE, equation has the following form. 

/£\ _ a m/(£) +Qm-l/(£) + • ■ ■ + Op qn 

b m m m + b m - i/(o m_1 + • • • + b 0 ' 

Then the solution can be obtained by using the above method and this develops the tanh 
method. 
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§2. The extended tanh method 

Consider the nonlinear PDE 



F(u, Ut, v*xi r U j xxi ■ ) — 0} (2) 

with two variables x, t. Let u(x,t) = E/(£), £ = x — Vt be its travelling wave solutions, where 
the wave velocity V is a coefficient to be determined later, then equation (2) can be simplified 
to a nonlinear ODE 

G(U, U ,U" ,■ • • ) = 0. (3) 

Assume that the solution of equation (3) has the form of (1). Substituting (1) into (3), 
then m can be determined by balancing the linear terms of the highest order in the resulting 
equation with the highest order nonlinear terms. This will give a system of algebra equations 
involving a*, bi(i = 0, 1, • • ■ , 2 to) and a. 

Let the function f(x) be e“^, then the main steps for achieving the above method is as 
following. 

Step 1 Suppose that equation (2) has the wave traveling solution u(x,t ) = £/(£) = U(x — 
Vt). Then equation (2) can be simplified to a nonlinear ODE (3); 

Step 2 assume that the solution of (3) has the form of (1) , then m can be determined by 
using the balance method; 

Step 3 substituting (1) into (3), we get a rational fractional equation 

P(e^) = 0, (4) 

which is just a polynomials of exponential e“^; 

Step 4 collecting all the terms with the same power of e a * yields a set of algebraic system 
for a,, bi{i = 0,1,--- , 2m), a, where a,, bt(i = 0, 1, ■ ■ • , 2m), a are coefficients to be determined 
later; 

Step 5 applying some mathematical package, for example, Mathematica, Maple, and etc., 
we can deal with the above tedious algebra equations and output directly the required solution. 
Further, substituting the solution into (1) and letting, £ = x—Vt, we can get the exact solution 
of equation (2) . 



§3. The exact solutions of Klein-Gordon-Schrodinger equa- 
tion 

KGS equations 

f ii>t + = - <H '>, 

\ 4>tt - A4> + m 2 4>= |^| 2 . 



is a classical model which reflects the interaction of nucleon-field and meson-field, where A is a 
n, dimensional Laplace operator, ip is scalar complete nucleon-field and <j) is meson-field ^ . In 
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[8] the author had proved that the steady-state solution of equations (5) has the form 

(ip(x,t),<p(x,t)) = (e lut u{x),v{ x)), (6) 

where x £ R 3 , u £ R. We will take into account the exact solution of equation (5) by using the 
technique basing on the expansion of the rational function method. 

Here we only focus on the (1+1) dimensional equation, the discussion for (1+n) dimensional 
equation is similar and is omitted. Consider the following equation 

f i*Pt + 2^xx = . 

\<ptt - t + rn 2 (p = \ip\ 2 . 

where ip is complex. Assume that 



ip = e lv u(x, t), (8) 

where i] = ax + (3t and a, (3 are coefficients which will be determined later. Substituting (8) 
into equations (7) yields 



{ u t + au x = 0, 

u t t + 2ucp — (a 2 + 2 /3)u = 0, (9) 

(ptt ~ (pxx + rn 2 (p - u 2 = 0. 



Let u(x,t ) = f7(£) = U(kx + ut), H(£) = (p{kx + ut), where k and u are coefficients to be 
determined later. Then we obtain a simplified ODE. 



0 + G = °- 

+ 2 UV - (a 2 + 2/3)17 = 0, 

LU Z 

k 2 - u° 



u 2 k 2 



■V t 






m 2 V - U 2 = 0. 



(10) 



Suppose that the solution, £/(£) and V(£), for equations (10) are expansion of a second or- 
der differential function, then we can get the exact solution of equations (9) basing on the 
homogeneous balance principle. 



§4. Main result 

1. Suppose that the solution for equations (10) has the following form 

+ 0, m - lO" 1 + ' ’ ’ + do 

bm£, m + bm- if"* -1 + ' ' • + b 0 ’ nn 

C m £ m + C m - lO” 1 + ’ ’ ’ + Co 

d m £, m + + ■ ■ ■ + do 

where a*, bi, Ci, di (i = 0, 1, ■ ■ • , to ) are coefficients to be determined later. By comparing 
the highest derivative term with the highest nonlinear term in homogeneous balance equations, 



| GO 
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we get m = 2. Thus equation (10) has the solution of the following form 

af 2 + bf + c 



u(0 = 
v(0 = 



fe+gi+h' 
ok +pi + g 

rt ; 2 + sf + w ’ 



(12) 



where a, b, c, f, g , h , o, p, q, r, s, w are coefficients to be determined later. Substituting (12) 
into (10) . we get a rational fractional equations which is just for £. Collecting all the terms 
with the same power and letting their coefficients be zero yields a set of algebraic system 

for, a, b , c, f, g, h, o, p, g, r, s, w, /c, a , /3, w. Using Maple package, we can deal with the 
above algebra equations and output directly the required solution. Further, substituting the 
solution into (12) and (8), we obtain the following exact solution for equation (7). 

vh 

Case 1. o=a=b=p=f= 0, s = — , r = r, m = to, k = k, g = g, h = h, w = 

2 g 

h 2 r „ . , , _ , , , , ie^~ x±t2>l gkm. 



— (3 = ±1, c = igkm, u = k, a = —1, q = —k 2 r, ipi ( x,t ) = 



5" 



-ft S 



2 „2 



g ( kx + fct) + h 



, 01 (z,f) = 



(g (kx + kt) + h ) 



TQ 

Case 2. (3 = i, q = —k 2 r, b — if km, f = f, a = h = c = o — p = 0, w = — s = 

J 

2gr ie lx ~ t fkm , . 

~r , w a = 1, to = TO, r = r, k = k, g = g, ip 2 (x,t) = r— - — , </> 2 (z,U = 

/ / (to - kt) + g 

- k 2 f 2 

(/ (to - kt) + g) 2 

Case 3. (3 = i, q = —k 2 r, b = if km, f = f, a = h = w = s = o = p=0, c= ikmg, u> = 

ie ix ~ tr m — 1 

-fc, a = 1, m = to, r = r, fc = fc, g = g, (x,t) = ^ ^ , </> 3 (®,i) = ^ ■ 

Case 4. q = -k 2 r, c = , b = if km, f = f, a = o = p = 0, /3 = ±1, w = s = 

2 4/ z 

gr , g 2 . , , , . , . ie* x=F< m. , 

— , h = —, a = -1, uj — k, to = to., r = r, k = k, g = g, ipi(x,t) = — ,<pi(x,t) = 

f 4/ x - 1 

—Ak 2 f 2 

(2 f(kx + kt) +g) 2 
Case 5. / = 
r (c 2 / 2 -2 bgcf + b 2 g 2 ) 



Case 5. f = f, c = c, b = b, h = — ^ ^ , a = o = p = 0, fc = — — -, (3 = ±1, = 

cr mj 

b 2 r ib —2 r (cf — bg ) 

6V 2 ' « = rfp’ " = *= 7t ,«=-!,"• = ™, r = 

-i(x^t)u2 l 4 

U 5 = 5 , V>5 (a:, i) = -mr ? — — x 7 rw , <^5 (a:, t) = 



(ib 2 (x + t) — cfm + bgm ) 

Case 6. (3 = i, f = /, h = — ^ 2 ^ C , a = o = p = 0,/c = a; = — w = 

mj mj 



ib 2 (x + t) — cfm + 6gTO 

b / 

r (c 2 / 2 -2 bgcf + b 2 g 2 ) 

b 2 f 2 

r, g = g, 06 (a;, t) = 



2 ' 



9 = 



TO 2 / 2 ’ 

e(xi-i) b 2m 



r h , -2 r(cf-bg) 

c = c, b = b, s = — , a = 1, m = m, r = 



fb 



ib 2 (x — t) — c/to + bgm ’ 



i (ato) = 



6 4 



(i6 2 (x — t) — cfm + bgm) 



2 • 
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2. Suppose that the solution of equations (10) has the following form 



m = 
v(0 = 



a m (tanh/) m + a m _i(tanh£) m 1 + b a 0 

5 m (tanh/) m + ^^(tanh^)™- 1 H b b 0 ’ 

c m (tanh/) m + c m _i( tanh/)"*- 1 H b c 0 

d TO (tanh/) m + d m _i(tanh^) m_1 + b do ’ 



(13) 



where a^, 6j, c*, d$ (z = 0, 1, • • • , to) are coefficients to be determined later. By comparing 
the highest derivative term with the highest nonlinear term in homogeneous balance equations 
of equations (10), we get m = 2. Thus equation (10) has the solution of the following form 



mo = 

v(0 = 



a( tanh/) 2 + 6tanh/ + c 
/(tanh/) 2 + g tanh / + h ’ 
o(tanh /) 2 + p tanh / + q 

r(tanh /) 2 + s tanh / + w 1 



(14) 



where a, b , c, /, p, h, o, p, q 1 r, s, u> are coefficients to be determined later. Substituting 
(14) into equations (10), we get a rational fractional equations which is just for tanh/. 

Collecting all the terms with the same power of tanh / and letting their coefficients be zero 
yields a set of algebraic system for a, b, c, /, g, h, o, p, q , r, s, zu, fc, a, /3, w. Using 
Maple, package, we can deal with the above algebra equations and output directly the required 
solution. Further, substituting the solution and g = ax + f3t, / = kx + ut into (14) and (8), we 
obtain the following exact solution for equation (7). 

4 fw 



-w(24 k 2 f 2 -g 2 a-g 2 p 2 ) 
Case 1. , = — 2 



/, e = 6, k 2 a 2 f - 6, k 2 f, p = 
Af 2 w 



2 fw ( a + 2p 2 ) 



u) = — a k, s = 

J2 



9 



a = b = m = 0, / = 



, r 2fw(a + p 2 ) 
h = 0 = bo > a = a, P = 



5 



P, w = w, r = 



5" 



, k = k, g = g, ip 7 (x,t) = 



(—2 / tanh (— kx + a kt) + g) 2 (a + p 2 ) — 24 k 2 f 2 



24:e i^x+0t) k 2p ( a 2 _ ^ 

(2 / tanh (—kx + a kt) — <?)' 



, 0 7 (a;,t) = 



2 hr 



(2 / tanh (— fcx + a kt) — g) 
h 2 r 

Case 2. h = h, w = — P = i, q = — k 2 r , / = 0, a = b = o = p= 0, w = — fe, s = 
9 2 



t gkm 



— , c = igkm, a = 1, to = to, r = r, k = k, g = g, ip 8 (x,t) = ^ t&nh ^ kx _ kt \ + ^ 

-fc 2 g 2 

(gtanh(fcx — fcf) + h) 2 



; (a:, f) = 



Case 3. P = i, q = — fc 2 7’, c = 



ikmg 



, b = if km, f=f, a = o = p= 0, u = 



-k, w = TTo ’ s = ~r> h = j 7 , a = 1, m = m, r = r, k = k, g = g, if$(x,t) = 
4/ 2 / 4/ 

2 ie lx ~ t fkm —4k 2 f 2 

i (M) = 



2 / tanh(fcx — fcf) + g ’ 



(2 / tanh(fcx — fcf) + g) 



3. Suppose that the solution of equations (10) has the following form 



|V(£) = 

|no = 



a m e m? + a m -ie^ m + • • • + czo 
6 m e m « + 6 m _ 1 e( m - 1 )€ + • • • + 6 0 ’ 

c m e mC + Cm-ie^ -1 ^ H b c 0 

d m (e m « + d m _ie( TO ~ 1 )« + ••■ + *’ 



(15) 
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where ai,bi,Ci,di{i = 0,1,- , to) are coefficients to be determined later. By comparing the 

highest derivative term with the highest nonlinear term in homogeneous balance equations for 
(10), we get m = 2, namely, equation (10) has the solution of the following form 



|m 0= ae^ + he^+c 
J f(& + get + h 

W)= oe iii p ii q 

\ re^ + se 4 + w 



(16) 



where a, 6, c, /, g , h, o, p , <7, r, s, u> are coefficients to be determined later. Substituting 
(16) into equations (10), we get a rational fractional equations which is just for e^. Collecting 
all the terms with the same power of e* and letting their coefficients be zero yields a set of 
algebraic system for a, 6, c, /, g, h , o, p, q , r, s, w, k, a, /3, w. Using Maple, package, we 
can deal with the above algebra equations and output directly the required solution. Further, 
substituting the solution and 77 = ax+(3t, £ = kx+ut into (15) and (8), we obtain the following 
exact solution for equation (7). 



Case 1. q = —k 2 r, b = if km, f = /, a 



2 gr_ 

f ' 



a = — 1, hj = 
-k 2 g 2 



k, 



to = m, r = r, k = k, 



rg 



= h = c= o = p = 0, w = , , 

/ 

i e i(- x ±i) fkm 

9 = 9i IplO (X, t ) — j e (kx+kt) _|_ g 



(3 = ±1, s = 
! 4>io (x,t) = 



^g e (kx-kt) _| -ft,) 2 



Case 2. q = —k 2 r, b = if km, f = f, a = s = w = h = o = p = 0, (3 = ±1, c = 

— ^777, 

ikmg, a = - 1 , w = fc, to = to, r = r, k = k, g = g, ipn (x,t) = ^^ kx+kt) + , ^11 (x,t) = 



— k 2 

g2(kx-\-kt ) 

Remark 4.1. We claim that the tanh method can be extended by replacing tanh function 
with some generalized functions /(a;), such as polynomial function, trigonometric function and 
Jacobi elliptical function. As an example, we obtain three classes exact solutions for KGS 
equation. 
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Abstract The /-total coloring of a graph G is an assignment of some colors to its vertices 
and edges such that no two adjacent vertices receive the same color and no two adjacent edges 
receive the same color. Under an /-total coloring of G, the color set of a vertex x of G is 
the set of all colors which are assigned to vertex x or the edges incident to x. An /-total 
coloring is called adjacent vertex distinguishing if any two adjacent vertices have different 
color sets. The minimum number of colors required in an adjacent vertex-distinguishing I- 
total coloring is called adjacent vertex-distinguishing /-total chromatic number. The adjacent 
vertex-distinguishing /-total chromatic number of Ladder graph is discussed in this paper. 
Keywords Ladder graph, adjacent vertex-distinguishing, /-total coloring, adjacent vertex-dist 
-inguishing, /-total chromatic number. 



§1. Introduction and preliminaries 

Coloring is a important research area of graph theory. Some new colorings of graphs are 
produced from applied areas of computer science, information science and light transmission, 
such as vertex distinguishing proper edge coloring M, adjacent vertex distinguishing proper 
edge coloring I 2 1 and adjacent vertex distinguishing total coloring I 3,4 ! and so on, those problems 
are very difficult. Recently, Zhang et al. propose the adjacent vertex-distinguishing /-total 
coloring of graphs. In this paper, we obtain the adjacent vertex-distinguishing /-total chromatic 
number of ladder graph by constructing method. 

Definition 1 . 1 . A proper total /’-coloring of G is a mapping tt : V(G) U E(G) — > 
{1, 2, • • • , /} such that two adjacent elements of V ( G ) U E(G) are assigned distinct colors, and 
the incident elements are dyed different colors. Let C(u) = (7r(u)} U {-k{uv)\uv € E(G)} for 
any vertex u € V(G). If C(u) ^ C(v) for uv £ E(G), we say that tt is an adjacent- vertex 
distinguishing total /-coloring (a k-AVDTC) of G. The minimum number such that G admits 
a k-AVITC, denoted by Xat{G), is called the adjacent- vertex distinguishing /-total chromatic 
number of G. 

Conjecture 1.1. I 5 1 For a simple graph G, then Xat{G) < A (G) + 3. 

Definition 1.2. I 5 1 A total /-coloring of G is a mapping tt : V(G) U E(G) — > {1, 2, • • • , /} 
such that two adjacent elements of V(G) U E(G) are assigned distinct colors. Let C(u) = 
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{7t(m)} U {7r(m;)|m; £ E(G)} for any vertex u £ V(G). If G(u) 7^ G(v) for uv £ E(G), we 
say that 7 r is an adjacent- vertex distinguishing /-total fc-coloring (a k-AVDITC ) of G. The 
minimum number such that G admits a k-AVDITC , denoted by Xat(G), is called the adjacent- 
vertex distinguishing I- total chromatic number of G. 

Definition 1.3. Suppose G = (' V,E ) is a ladder graph such that: 

V(G) = {ui,Vi\i = 1, 2, • ■ • , n}, E(G) = {uiw„} (J{^i*’n} (J{uiU i+1 \i = 1,2,--- , n — 
1} \J{viV i+ i\i = 1,2, • • • , n — l}\J{uiVi\i = 1,2, • • • ,n}(n > 3). 

Conjecture 1.2. i 5 l For a simple graph G, then Xat(G) < A (G) + 2. 

Undefined terminologies and notations follow [6,7]. 



§2. Riesz idempotent 

Lemma 2.1. I 5 1 For a simple graph G, there is 

XU(G) > A. 

If 3 u, v £ E{G), and d(u) = d(v) = A, then 

xit(G) > A + 1. 



§3. Main results 

Theorem 2.1. Let G be a ladder graph, then 

xit(G) = 4. 

Proof. According to the definition 1.2 of ladder graph, there is A(G) = 3. Furthermore, 
we have Xat(G) > 4 through the lemma 2.1, in order to prove x* t (G) = 4, we only need to give 
a 4 -AVDIT coloring. At this moment, we define the coloring function r as following: 

{ 1, 1 = 1 (mod 3); 

2, i = 2 (mod 3); * = 1, 2, • ■ • , n - 1. 

3, 1 = 0 (mod 3). 

{ 1, 1 = 1 (mod 3); 

2, i = 2 (mod 3); i = 1, 2, • • • , n - 1. 

3, 1 = 0 (mod 3). 

! 2, 1=1 (mod 3); 

3, i = 2 (mod 3); * = 1, 2, • ■ • , n — 1. 

1, * = 0 (mod 3). 



r{vi) = 
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{ 2, i = l (mod 3); 

3, i = 2 (mod 3); i = 1, 2, • ■ ■ , n - 1. 
1, * = 0 (mod 3). 



r(u n ) = 



r(v n ) = 



2, 0 (mod 3); 

3, n = 0 (mod 3). 

1, n ^ 1 (mod 3); 

4, n = 1 (mod 3). 



t(mim„) = 



3, ra = 0 (mod 3); 

4, n = 1 (mod 3); 
2, n = 2 (mod 3). 



r{v iv n ) = 



1, n = 0 (mod 3); 
4, n = 1 (mod 3); 
3, n = 2 (mod 3). 



The others are colored by 4. 

Especially: 

(1) When n = 1 (mod 3), we need to adjust r as following: 

t(v 2 ) = 1, t(v 3 ) = 3, r(v n - 2 ) = 1, r(u„_i) = 3, r(u 3 ) = 4, r(u n _i 
t(u 3 ) = r(u n _i) = 1), t(u i^i) = 3, T{u n v n ) = 2. 

(2) When n = 2 (mod 3), we need to adjust r as following: 
t(u i) = 3, t(m 3 ) = 4, r(u 2 ) = 1, t(v 3 ) = 3. 

And 



C(u i) = 



{1,3,4}, n jk 2 (mod 3); 
{1,2, 3, 4}, n = 2 (mod 3). 



! {1, 3, 4}, i = 1 (mod 3); 

{1,2,4}, i = 2 (mod 3); i = 2, 3, • • • , n - 
{2,3,4}, i ee 0 (mod 3). 

Besides, when n = 1 (mod 3), C(u n - i) = {1,2, 3,4}. 

/ {2,3,4}, 2 (mod 3); 

C{u n ) = < 

1 {1,2,4}, n = 2(mod3). 



C(vi) = 



{1,2,4}, n = 0 (mod 3); 
{2,3,4}, n^0(mod3). 



= l(when n = 4, 
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C{v 2 ) = 



{1,2, 3,4}, n ^ 0 (mod 3); 
{2,3,4}, n = 0 (mod 3). 



f {1,2,4}, i = l (mod 3); 

C(vi)=\ {2,3,4}, i = 2 (mod 3); i = 3, 4, • • • , n - 1. 

[ {1,3,4}, i = 0 (mod 3). 

Besides, when n = 1 (mod 3), C(v n _ 2 ) = {1,2, 3, 4}. 

! {1,3,4}, n = 0 (mod 3); 

{1,2,4}, ns 1 (mod 3); 

{1,2, 3,4}, ns 2 (mod 3). 

It is obvious that no two adjacent vertices of sets are same, so r is a 4-AV DITC of G. 
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§1. Introduction 



In 1972, M. V. Subbarao established the definition of exponential divisor: Let n > 1 
be an integer of canonical from n = II The integer d = n| =1 p^‘ is called an exponential 
divisor of n if 6;|a,; for every i € {1,2, - - - , s}, notation: d\ e n. By convention l| e l. Besides, 
he also studied the mean value problem of exponential divisor function r ^ ( n ) = ~}2d\ n 1 an( i 
obtained: 

t ^ (n) = Ax + E(x), 

n<x 

where E(x) = 0(x s). 

J. Wu improved the result of M. V. Subbarao and obtained 



r^ e \n) = Ax + Bx 2 + 0{xv log a:), 



n<x 



where 



i+E 



d(a) — d(a — 1) 



a— 2 






a — 5 



d(a) — d(a — 1) — d(a — 2) + d(a — 3) 

-.a/2 



M. V. Subbarao also proved that for any integers r, we have the estimate 



J2(T {e \n)Y ~ Ar x, 

n<x 
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where 



Ar ~ II ( 1 + E 



(d(a)r-(d(a-l)r 



a— 2 



L. Toth I 1,2 ! proved 



J2{T (e \n)) r = A r x + x^ 2 P 2 r_ 2 (logx) + 0(x u -+Y, 

n<x 



here P 2 r- 2 {t) is a polynomial of degree 2 r — 2 of t, u r = 2 |.+E ■ 

Similar to the generalization from d(n) to dfe(n), we extended Y e \n) and established a 
definition as follows: 



k — l 



(Ti e) (n)) fe - 1 = n > fe > 2 - 



\Pi \\n 



Obviously t. 2 A (n) = Y e \n). In this paper we studied the case of k = 3 which means to study 
the properties of (t^ ( n))' 2 and obviously ( 13 ^ (n )) 2 is a multiplicative function. The aim of 
this paper is to study the short interval case of ( 7 - 3 L \n)) 2 and prove the following theorem. 
Theorem 1.1. If xi +2e < y < x, then 



E ( r 3 e V)) 2 = c i y + °(y x l +x^ e ). (1) 

x<n<x-\-y 



where C\ = Res s =iF(s) and F(s) := (T:i n E ■ 

Notations. Throughout this paper, e always denotes a fixed but sufficiently small positive 
constant. We assume that 1 < a < b are fixed integers, and we denote by d{a, b ; k) the number 
of representations of k as k = n1n\, where ni,n 2 are natural numbers, that is, 

d(a, b; k) = E 1, 

k=n^n^ 



and d(a, b; k ) <C n £ 



2 



will be used freely. 



§2. Proof of the theorem 



In order to prove our theorem, we need the following lemmas. 

Lemma 2.1. Suppose s = a + it is a complex number (3?s > 1), then 



F(s) := E 

n = 1 



(4 e 



( n )) 2 



CWC 2 (2 5 ) 

C 3 (5s) 



G(s), 



where the Dirichlet series G(s) := Yl'n=i • is absolutely convergent for 5is = a > |. 
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Proof. Here 73 (n) is multiplicative and by Euler product formula we have for a > 1 that 



E 

n— 1 

n (‘ 

n(i 



(rt\n)Y 



( T t \ p )) 2 , ( 4 f \ p 2 )) 2 , ( t ^\ P 3 )) 2 ( r 3 ( e ) ( p 4 )) 2 



(jry^S 

(d 3 ( l)) 2 , (d 3 (2)) 2 , (d 3 (3)) 2 , (d 3 (4)) 2 , (d 3 (5)) 2 



p“ p 2s p oa p‘ 

■pr / 1 9 9 36 9 81 

JL JL \ p s p2s p3s p4s p5s pGs 



n 3s 



1-r / 8 27 27 72 

— ^11 l 1 ^2s ^4s ~ ^6s ' 

= c( S )c 8 ( 2 S )nf^i- 5 + 5 



,4s 



p 



,5s 



C(s)C 8 (2s) 

C 9 (4s)C 27 (5s) 

C(*)C 8 (2s) 

£ 9 (4sX 27 (5s) 



p*” p u 

24 



II ( 1 1 p 6s 
P V 

G(s). 



(2) 



Now we write G(s) := Yin Li ^ir ■ It is easily seen the Dirichlet series is absolutely con- 
vergent for 3?s = cr > ’ . 

Lemma 2.2. Let fc > 2 be a fixed integer, 1 < y < x be large real numbers and 

B(x, y; k, e) := 1 ‘ 

x<nm^<a; + y 
m>x e 

Then we have 



B(x,y,k,e) <^yx e + x 2k + l \ogx. 



(3) 



Proof. This lemma is very important when studying the short interval distribution of 
1-free number; see for example [4]. 

Let ai(n), (i‘ 2 (n ) , a 3 (n) and 04(71) be arithmetic functions defined by the following Dirichlet 
series (for 3?s > 1): 



V'' a i( n ) h \ru ^ 



(4) 



71= 1 



E 



a 2 {n) 



n 



2s 



C 8 (2s). 



(5) 



7l 4s 

n = 1 



r 9 (4 S ). 



( 6 ) 
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00 ( \ 

£ 5# = c 27 (5.). 



n — 1 



Lemma 2.3. Let ai(n) be an arithmetic function defined by (4), then we have 

E ai(n) = Cx + 0(a;3 +c ), 

n<x 

where C = Res s=4 C,(s)G(s). 

Proof. Using lemma 1.1, it is easy to see that 

E isMi < x ^ +t - 

n<x 



(7) 



(8) 



Therefore from the definition of g(n) and (4) 


, it follows that 






E a^n) = 


E 9(n) 


(9) 




n<x 


mn<.x 






= 


E 9 {n) E 1 


( 10 ) 






n<.x m< ^ 






= 


E#)(^+°(i)) 


(11) 






n<x 






= 


Cx + 0(x* +e ), 


( 12 ) 


and C = Res s= 


= iC(s)G(a). 






Next we prove our Theorem. From lemma 2.3 and the definition of ai(n), a 2 (n), a 3 (' 


n ) and 


04 ( 71 ), we get 


(4 '’(")) 2 = £ 


01 ( 711 ) 02 ( 712 ) 03 ( 713 ) 04 ( 714 ), 






n=n\n^n^n 


5 

4 




and 


Oi (n) <C tT” , 02 ( 71 ) <C 71 £2 , 


03(7l) <C 71 6 , 04 ( 11 ) <C 71 6 . 


(13) 


So we have 








E (' 


r 3 e \ n )) 2 ~ E^W) 2 = 


E 01 ( 711 ) 02 ( 712 ) 03 ( 713 ) 04 ( 714 ) 




n<.x-\-y 


n<x 


x<nin|ri3n4<a:+2/ 






= 


E+°(E+E+E)- 

1 2 3 4 


(14) 



where 



E = E 02 ( 712 ) a 3 {n 3 ) 04 ( 714 ) E Oi(tii), 



r>2<*' 

»3<*' 

r*4<®' 



„ 2 „ 4 „ 5 ^'' i l — „ 2 „ 4 „ 5 
rl 2 ri 3 4 71 2 71 3 71 4 



E 

2 

E 

3 

E 



E 1 fti (^1)02(^2)03(^3)04(714) 1, 

|n|n5< x + y 
! 2 >x e 

E ioi(ni)a 2 (n 2 )o 3 (n 3 )a 4 (n 4 )i, 

2 7i 4 n 5 <x + iv 
2 71 3 71 4 — 33 o y 

i 3 >x e 

E \ai{n 1 )a 2 {n 2 )a 3 (n 3 )a 4 (n i )\. 



(15) 
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In view of lemma 3, 



E 



E a 2 (n 2 )a 3 (n 3 )a 4 (n 4 ) ( 2 E 5 

n 9 < x e \n 2 n 3 ™ 4 

n 3 <x e 
n 4 <x e 



+ o( 



X 

2 4 5 

n 2 n 3 n 4 





+ 



o 



i+e Y" ^ 2 {n 2 ) Y Q 3(^3) Y" 
Z_^ l/3+2e Z_^ 2/3+4e Z_^ 

n 2 <x e ^2 n 3 <x e ^3 n 4 <x e 



a 4 (n 4 ) 

5/6+5e 

77-4 



= Ci7/ + 0(t/X 6^ 6^ ej + 0 ^e+^e^e^e 
= Ciy + 0{yx~2 + £ 3 + 5 e ), 



where c 4 = i?es s= i-F(s). 



Similarly we have 



E 


< 




E (nin 2 n 3 n 4 y 2 


2 




x<n- 


l_n%n%nl<x+y 
n 2 >x e 








E i 








x<n-, n 2 n 4 n 5 <x + v 
x<.n 1 n 2 n 3 n 4 ^x-\-y 

n 2 >x e 






x^ 2 


E rf(l,4;mi) 








n 2 >x e 






x^ 2 


E i 








a:<m 1 7i|n|<x + y 
n 2 >x e 




< 


x^ 


E d(l,5;m) 








x<mn'^ <x-\-y 
n 2 >x e 




< 


x^ 2 


B(x,y;2,e) 




< 




(: yx~ e + a,4 +e loga;) 




< 


yx~ 


e 1.3. 

2 + X 5 ^ 2 . 



E _ e I_|_3 

< yx 2 + x 5 + 2 , 

3 

E _ €. 1 I 3 

<C t/£ 2 + x 5 ^ 2 . 

4 



(16) 



(17) 



(18) 



Now our theorem follows from (9)-(14). 
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§1. Introduction 

Let G be a connected graph with n vertices and m edges. Let the vertex set of G be 
V ( G ) = {i>i, t> 2 , . . . , v n }. The degree of a vertex v in G is the number of edges incident to it and 
is denoted by degc(v). If degc(v) = 1 then v is called a pendant vertex or a terminal vertex. 
The distance between the vertices v t and Vj in G is equal to the length of a shortest path joining 
them and is denoted by d(vj,Vj\G). The diameter of a graph G, denoted by diam(G) is the 
maximum distance between any pair of vertices of G ^ . 

The Wiener index W = W{G) of a graph G is defined as the sum of the distances between 
all pairs of vertices of G, that is 

W = W(G)= d( Vi , Vj \G) . 

l<i<j<n 

This molecular structure descriptor was putforward by Harold Wiener I 24 l in 1947. Details 
on its chemical applications and mathematical properties can be found in [4, 10, 17, 23]. 

In 1988, Hosoya I 13 l introduced a graph polynomial H(G, A), defined as, if G is a connected 
graph with n vertices and rn edges, and if d(G, k) is the number of pairs of vertices of G that 
are at distance k, then 

i7(G,A) = ^d(G,fc)A fc . (1) 

k>l 

Hosoya called it the Wiener polynomial because H'(G , 1) = W(G) where H'(G , A) denotes 
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the first derivative of H(G, A). But most contemporary authors call it the Hosoya polynomial 
in [6, 9, 14, 15, 18, 22], 

Recently the terminal Wiener index TW{G) was putforward by Gutman et al. I 8 1. The 
terminal Wiener index TW(G) of a connected graph G is defined as the sum of the distances 
between all pairs of its pendant vertices. Thus if Vt(G) = {tq, tq, . . . , Vk) is the set of pendant 
vertices of G, then 

TW(G)= d (vi,Vj\G)- 

For recent work on the terminal Wiener index, see [3, 7, 12, 16, 19]. 

In analogy of (1), we define the terminal Hosoya polynomial TH(G, A) of a graph G as 

TH(G, A) = J2 d T(G,k) A fe , 

k> 1 

where dp(G, k) is the number of pairs of pendant vertices of the graph G that are at distnce k. 

It is easy to check that TH'{G, 1) = Tlb(G), where TH'(G, A) is the first derivative of 
TH(G, A). In this paper we obtain the terminal Hosoya polynomial of thorn graphs. 



§2. Terminal Hosoya polynomial of thorn graphs 

Let G be a connected n - vertex graph with vertex set V (G) = {vi,i> 2 ,--- ,v n } and let 
P = (pi,p 2 , ■ ■ ■ , Pn) be an n-tuple of nonnegative integers. The thorn graph Gp is the graph 
obtained by attaching p t pendant vertices to the vertex Vj of a graph G for i = 1, 2, • • • , n. 
The pi pendant vertices attached to the vertex v, c will be called the thorns of v % . 

The concept of thorny graph was introduced by Gutman^ and eventually found a variety 
of applications in [1, 20, 21, 22]. 

Theorem 2.1. Let G be the connected graph with vertices tq, V 2 , ■ ■ ■ , v n . Let G p be the 
thorn graph obtained by attaching pi pendant vertices to the vertex v t of G, i = 1, 2, • • ■ , n. 
If pi > 0 for all i = 1, 2, • • • , n, then 

TH(G P , A) = £(^)a 2 + E PiP^ 2+dMG) - (2) 

Proof. Consider pi thorns attached to a vertex Vi, i = i, 2, • • • , n. Each of these are at a 
distance two. Thus for each u,;, there are (^) pairs of vertices which are at distance two. This 
leads to the first term of (2). 

For the second term of (2), consider pi thorns v\, v\, , v*. attached to the vertex Vi 

and pj thorns vf, v J 2 , • • ■ , attached to the vertex Vj of G, i ^ j. In G p , 

d(vl,vj\G p ) = 2 + d(vi, Vj\G), k = 1, 2, • • ■ , and 1 = 1, 2, ■■■ , Pj. 

Since there are p, x pj pairs of thorns of such kind, their contribution to TH{G p , A) is equal 
to piPj\ 2+d ( Vi,v i l G \ i ^ j. This leads to the second term of (2). 

(2) remains unchanged if some pi s are equal to zero, provided that the corresponding 
vertices of the graph G are not pendant vertices. 
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Corollary 2.1. Let G be the connected graph with n vertices. If pi = p > 0, i = 
1,2 , • • ■ , n, then 



TH(G P , A) = UP<yP 2 ^ A 2 + p 2 A 2 X d(Vi ’ VjlG) . (3) 

l<i<j<n 

Corollary 2.2. Let G be the complete graph on n vertices. If pi = p > 0, i = 1, 2, ■ ■ • , n. 
Then 

TH(C P , A) = A 2 + p2n( "-V 

Proof. If G is a complete graph then d(vi,Vj\G) = 1 for all Vi, Vj £ V(G), i ^ j. Therfore 
from (3) 



TH(G P ,X) = MP 2 1} A 2 + p 2 X 2 X 

npjp- 1) A 2 , P 2 n(n-!) A 3 



Corollary 2.3. Let G be the connected graph with n vertices and m edges. If diam(G) < 2 
and pi = p > 0, i = 1, 2, • • • , n. Then 



TH(G P , X) = 



np(p~l) , 2 



A + mp X + 



2 \ 3 i ( n ( n — 1 ) 



— to 1 p 2 A 4 . 



Proof. Since diam(G ) < 2, there are to pairs of vertices at distance 1 and Q) — to pairs 
of vertices are at distance 2 in G. Therefore from (3) 



TH(G P , A) = 









\ 



E ^ 



np(p - 1) 



A 2 + p 2 A 2 ( mX + 



np(p — 1) , 2 2 a 3 

v -A 2 + mp 2 X 3 + 



2a 

n{n — 1) 
2 



— to ) p 2 A 4 . 



Bonchev and Klein proposed the terminology of thorn trees, where the parent graph is 
a tree. In a thorn tree if the parent graph is a path then it is a caterpillar I 11 ! . 

Let Pip 2 be the path on l + 2 vertices, l > 1, labeled as u\, U 2 , • ■ • , ui, w/+ 1 , Mi+ 2 > where 
ut is adjacent to Ui+i, i = 1, 2, ••• , / + 1. Let T = T(pi,p 2 , ■ ■ ■ ,pi) be the thorn tree obtained 
from Pi _ |_2 by attaching p t > 0 pendant vertices to u i+1 , i = 1, 2, • ■ • , l. 

Theorem 2.2. For a thorn tree T = T(pi,p 2 , ■ ■ ■ ,pi) of order n > 3, the terminal Hosoya 
polynomial is 

TH(T , A) = oiA + (Z 2 A 2 + • • • + ai + iA ,+1 , 
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where 



a i = 0, 

«2 = Y(^) +Pi+Pi ' 

l-k+2 

& k — ^ ^ PiPi-\-k—2 Pk—1 “1“ Pl-k-\- 2i 3 ^ /c ^ Z, 

2—1 

ai + 1 = (pi + l)(pi + 1). 



Proof. Let A = {ui,U2,-" ,^+1,^+2}, = {v»i,Vi2,- •• ,v ipi }, i = 1, 2, ••• , l and 

B = uU^. 

There is no pair of pendant vertices which is at distance 1 in T. Therefore ai = 0. 

Every pair of pendant vertices of Bi, i = 1, 2, • • • , l is at distance two. Also there are pi 
pairs of pendant vertices at distance two from the vertex u\ and pi pairs of pendant vertices at 
distance two from ui+ 2. Therefore 

«2 = Y ( 2 ) + Pl +pi - 

»= 1 ' ' 

For Ofe, 3 < k < l, d(u,v\T) = k if u £ Bi and v £ Bi + k- 2, i = 1, 2, • • • , l. There are 
Pi x pi + k ~2 such pairs of pendant vertices which are at distance k. Also Pk-i pairs of pendant 
vertices are at distance k from u\ and pi-k + 2 pairs of pendant vertices are at distance k from 
ui+ 1- Therefore 

l-k+2 

a k = Y PiPi+k-2 + Pk-1 + Pl-k+2, 3 <k<l. 

i - 1 

Now d(u, v) = l + 1 if u £ Bi U {iti} and v £ Bi U {ui + 2}. Therefore ai+i = ( p\ + l)(pi + 1). 

Thorn star is a graph obtained by attaching pendant vertices to the vertices of star K\^ n 
except to its central vertex. 

Theorem 2.3. Let the thorn star K^ n is the graph obtained by attaching p* > 0 pendant 
vertices to the i-th pendant vertex of a star K i >n , n > 2, then 

TH(K l n , A) = aiA + ct2 A“ + + g^A^, 



where 




03 = 0 and 



°4 = Y PiP r 

l<i<j<n 



Proof. Similar to the proof of theorem 2.2. 

If C n is the n - vertex cycle labeled cosecutively as u±, M2, ■ • • , u n , then the thorn ring C* 
is obtained from C n by attaching pi pendant vertices to the vertex m, i = 1, 2, • • • , n. 
Theorem 2.4. For a thorn ring C*, n > 3, the terminal Hosoya polynomial is 



TH(C*, A) — aiA + U 2 A^ + • • • + «[n/2j+2^^ l/,2 ^ +2 
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where, if n is odd, then 



ai = 0 ; a 2 = y. 



and 



n-k-\- 2 n 

Ofc = ^2 PiPi+k- 2 + ^2 PiPi-n+k- 2, 3 < k < \jl/2\ + 2, 

i—1 i=n-k-\- 3 



and if n is even, then 



ai = 0 ; a 2 = ^2 



n— fc+2 n 

a k= ^2 PiPi+k- 2 + PiPi-n+k- 2 , 3 < fc < (n/2) + 1, 

2=1 i—n— fc+3 



and 



n/2 



a (n/2)+2 — yiMi+(n/2)- 
t=l 

Proof. The proof is analogous to that of theorem 2.2. 
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§1. Introduction 

The theory of a special function has been in existence since nineteenth century due to the 
contributions of some reputable authors like Gauss, Jacobi, Franklein see [21] and some others. 
This function does not have a specific definition but it is a branch of Mathematics which is of 
utmost important to scientist and engineers who are concerned with Mathematical calculations. 
Special functions have a wide application in physics, Computer, engineering etc to mention just 
a few. 

In twentieth century, the theory of special function has been overshadowed by other fields 
like real analysis, functional analysis, algebra, topology, differential equations. These functions 
also play a major role in geometric function theory. 

Activation function is an information process that is inspired by the way biological nervous 
system such as brain, process information. It composed of large number of highly interconnected 
processing element (neurons) working together to solve a specific task. This function works in 
similar way the brain does, it learns by examples and can not be programmed to solve a specific 
task. 

Activation function has a wide application in the real world bussiness problems. It can 
be used in industries to forecast sales and in identifying patterns trend. Also, it can be used 
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in modelling especially in human cardiovascular system, it can also be used in modelling of 
population. More so, it has application in, instant physician, architecture, electronic noses and 
etc. 

Activation function can be categorized into three, namely, ramp function, threshold func- 
tion and the sigmoid funtion. The most popular activation function is the sigmoid function 
because of its gradient descendent learning algorithm. Sigmoid function can be evaluated in 
different ways, it can be done by truncated series expansion, look-up tables or piecewise ap- 
proximation. 

This function is of the form g(z) = 1+ l-z • It is useful because it is differentiable, which 
is important for weight learning algorithm. Neural networks can be used in complex learning 
task. 

Sigmoid functions has the following features: 

(i) It outputs real number between 0 and 1. 

(ii) It map a large domain to a small range. 

(iii) It never loses information because it is one-to-one function. 

(iv) It increases monotonically. 

The aforementioned features enable us to use sigmoid function in geometric function theory. 

§2. Univalent functions 

Univalent function is a function which does not take the same value twice, f(z i) ^ f(z 2) 
that is Z\ 7^ Z 2 (z-[ . Z 2 £ D) or otherwise. A function is said to be locally univalent at zq £ D , 
if it is univalent at the neighbourhood of Zo . Also, a function is analytic univalent if it is a 
conformal mapping. Hence, our concern is the class S of analytic and univalent function in the 
U = {z : \z\ < 1} normalized with /( 0) = 0 and /'( 0) — 1 = 0. 

The fuction g{z) has a Taylor series expansion of the form 



g{z) = b 0 + biz + b 2 z 2 H , 



which gives 




then 



OO 




(1) 



Now, let 7 be an analytic and univalent of the form (2.1) in the U = {z : \z\ < 1} normalized 
with /( 0) = 0 and /'(0) — 1 = 0. Let us recall some definitions and concepts of classes of analytic 
functions. Let / £ 7. Then, / £ if and only if 




(0 < P < 1 ) • 
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This class is called starlike class of analytic function, let / Gy. Then, / £ C(/3) if and only if 

Re { l+Z ~iw\ > p (0 - /3<l) - 

This class is called convex class of analytic function. Some well known authors like Bernardi 
l 3 l , Darus and Ibrahim I 5 1 , Frasin , Goodman t 7 l etc to mention just but few have investigated 
the above two classes from different perspectives and they obtained many interesting results, 
the literatures on them littered everywhere. 

Geometric function theory has wide applications in many physical problems, problems in 
physics, engineering etc. 

Further more, Salagean 1 16 1 introduced the following differential operator: 



and 



o°m = f(z), 

D 1 f{z) = Df(z) = zf'(z), 
D n f(z ) = D(D n ~ 1 f(z)), 



D n f(z) = z + J2k n akZ k , 



k—2 



where f(z) is of the form ( 1 ). 

Also, from ( 1 ), we can write that 



f(z) a = ( z + ^2,a k z k 



k—2 



Using binomial expansion on (3), we have 






= z a + aa 2 z a+1 + I aa 3 + 



aa 4 



v{a — 1 ) 

2 ! 



2(2,203 



a(a — 1 ) 

2 ! ' 
a(a — l)(a — 2 ) 
3! ' 



Thus 



f(z) a = z a + ^2a k (a)z' 



Oi-\-k— 1 



k=2 



where a > 0 (is real and it meant principal determinant only). 
Applying differential operator (2) on (4), we obtained 

OO 

D n f{z) a = a n z a + + k- 1 ) n a k (a)z 

k = 2 



a+k—l 



From (5), we have a subclass of 7 to be T“(/3) defined by Opoola in [10], 

D n f(z) c 



a' l z u 



>P, 



(2) 



( 3 ) 



( 4 ) 



( 5 ) 



Re 



(6) 
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where (a > 0 is real ,z£ U, 0 < (3 < 1, n = 0, 1, 2 ■ • ■ ). 

The study of analytic class in (6) started with the study of Bazilevic function that was 
discovered in 1955 by a Russian Mathematician called Bazilevic I 2 1. He defined the function by 



m = 



a 



1 + e 2 



P(v) - ic 

; YT r g(v) !+' dv 

V( 1 -L > 



1+e' 



i r 



( 7 ) 



where p £ P and g £ S*. The number a > 0 and e are real, and all powers meant principal 
determinant only. The family of function (7) is called Baziilevic function and it is denoted as 
B(a, e). The family of function H(a, e) breaks down to some well known subclasses of univalent 
functions. 

For instance, if we take e = 0, we have 



m = 

On differentiating (8), we have 



PM 

v 



g(v) a dv 



Or equivalently 



Re 



g(z) a 

zffizr - 1 

s0)“ 



= p{z). 



> 0, z£U. 



(8) 



( 9 ) 



The subclasses of Bazilevic functions satisfying (9) are called Bazilevic function of type a 
and denoted by B(a) see Singh t 17 l. 

In 1993, Noonman gave a plausable description of functions of the class B(a) as those 
function in S for each r < 1, and the tangent to the curve U a (r) = {ef ( re l8 ) a , 0 < 9 < 27rJ 
never turns back on itself as much as n radian. If a = 1, the class B(a) reduces to the family 
of close-to-convex functions, that is 



zf'(z) 

>0 z£U. 

9{P) 



(10) 



If we choose g(z) = f(z) in (10), we have 



zf'(z) 

RePjPP >0, z£U, 

f(z) 



( 11 ) 



which implies that f(z) is starlike. Furthermore, if we replace f(z) by zf in(ll), we obtain 

zf"(z) 



Re{ 1 + 



/'(*) 



>0 zeu, 



(12) 



which is the convexity condition. More over, if g(z) = z in (9), then we have the family of 
Bi (a) see Singh I 17 ! of functions satisfying 



Re 



zff(zY 



> o, zeU. 



( 13 ) 
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Many authors have studied this class of Bazilevic functions and they obtained many in- 
teresting results as contained in literatures (See Bernardi’s Bibliography of Schlich function 

M). 

In 1992, Abdulhalim W introduced a generalization of function satisfying (13) as 



Re 



D 



z a 



> 0 , 



(14) 



where parameter a and D n are as earlier defined. He denoted the class of function by B n (a). 
It is easily seen that his generalization has extraneously included analytic function satisfying 

f(z) a 

Re~zi~ > ( 15 ) 

which are largely non univalent in the unit disk. By proving the inclusion B n+ i(a) C B n (u). 

Abdulhalim in [1] showed that for all n £ N, each function of the class of B n (a) is univalent 
in U. 

Notable contributors like MacGregor I 8 1, Noonman I 9 1, Thomas Tuan and Anh t 19 l, 
Yamaguchi I 20 !, Opoola I 10 !, Oladipo I 11 !, Oladipo and Breaz I 12 !, Oladipo and Fadipe I 13 l had 
earlier considered various special cases of parameter n and a of (14) and established many 
properties of function in those particular cases. 

Recently, Oladipo and Olatunji I 14 l used Cata’s operator on this class of Bazilevic functions 
and some interesting results were obtained for coefficient bounds and the coefficient inequalities. 
Let p € P be analytic and of the form 

OO 

p(z) = 1 + ^c k z\ 
fc= l 



with p(0) = 1 and Rep(z) > 0. This class of function is denoted by P known as Caratheodory 
functions. 

The main aim of this work is to investigate how the sigmoid function is related to analytic 
and univalent functions of Bazilevic type in terms of coefficient bounds. 

For the purpose of our result the following lemma shall be necessary. 

Lemma 2.1. I 15 l Let g(z) be a sigmoid function and G{z ) = 2 g(z) then G(z) G P, \z\ < 1. 
Where G(z) is a modified Sigmoid function. 

Proof. 



G(z) 



2 

“ 1 + e~ z ’ 
G(0) = 1, 



G(z) + G(z) 



4(1 + Re{e~ z )) 

(1 + e _z ) 2 



e z = e x cos y — ie x sin y, 
Re(e~ z ) = e~ x cos y, 
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e~ x > 0. 



This shows that Re(e ~ z ) depends only on the sign of cos y. Since z is in the unit disc x 
and y vary from —1 and 1, since x 2 + y 2 < 1. Since (—1, 1) C f ), cos y should be positive. 
Therefore, Reg(z) > 0. Hence, the function g under investigation maps the unit disk into the 
half plane with g(0) = 1 and is therefore in Caratheodory class. 

The series form of a modified sigmoid function 



G(z) = 



2 

l + e~ z ’ 



is given as 



50) = a + 



:x3 ( 1 \n 

Z—/ r>! 



n— 1 



hence 



50) = 2 



1 + E 



(-l) r 



'y, (~l) r 

n\ 

\n—l 



2 g{z) = i + E 



(-ir 



£00" 



G(z) — 1 + E 



(-l) r 






(16) 



m—1 



\n= 1 



Here, we want to obtain the coefficient bound for the class T“(/3) as related to the modified 
activated sigmoid functions. 



§3. Main result 



Theorem 3.1. Let / £ T“(/3), then 



|a 2 (a)| < 



a n ~ l {l-0) 
2(a + l) n ’ 



a > 0, 



(17) 



and 



where 



|a 3 (a)| < 



a 2n 2 (1 — a)(l — P) 2 

8(a + l) 2 " 



0 < a < 1, 



|a 4 (a)| < 



Fi + F 2 + F 3 , 0 < a < 1; 

F 3 , 1 < a < 2; 

Fi, a<l, 



(18) 
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a n - l {l-l3) o 3 " _3 (o — 1) 2 (1 — (3) 3 a 3n ~ 3 {a - l)(o - 2)(1 - /3) 3 

^1 — i-t'2 — T7T7 . ,!■!„ — 



24 (a + 3)" ’ “ 16(a + l) 3n 

Proof. Let / 6 T“(/3), define 



48 (a + l) 3n 



p"/H° _ « 
G(z) = a " z “ 



1-/3 



Recall that 

f(z) c 



= z a + aa 2 z a+1 + I oo 3 + 



a(a-l) 2 
2 ! ° 2 

a(a — 1) a(a — l)(a — 2) o 

Q.CL4. ~\~ — 2 ft 2&3 + 777 CI2 



2 ! 



a k — 1 
a 



hence 

00 

(l-/3)G(*) = l + £ 

k—2 

Equivalently as 



3! 



a k (a)z k - j3. 



— OC\ 



rn—1 

a + 1 

a 



+ (0104 + 2a 2 a 2 a 3 + a^a^) 



a 2 ((x)z + ( 0:103 + 0202 ) 
a + 3 



a + 2 
a 



a 

+(0405 + 02(20204 + a 2 ) + 3030^03 + O4O2) 

Comparing the coefficient of (20), then we have 

o n (l - (3) 



o + 4 



z 1 + • ■ 



02(0) = 
o 3 (o) = - 



2a(a + l) n 1 
a 2n (o — 1)(1 — (3) 2 



04(0) = — 



8a 2 (a + l) 2n 

a"(l — (3) a 3n (a - 1) 2 (1 — /3) 3 a 3n (a - l)(a - 2)(1 - (3) 3 



16a 3 (a + l) 3 ™ 



48a 3 (a + 1) 3 ™ 



, 2 , / ( a 2 n (l-/3 ) 2 

|a 2 o 4 -o 3 |< ^ 16a2(a+1)n 



6 



(19) 



(20) 



24o(a + 3)" 

and this completes the proof. 

Theorem 3.2. Let / € T£(0), then 

a n /a 2n (a — 1)(1 — (3) 2 \ fa+1 

3(0 + 3 )"^”^ 2o 2 (o+l) 3n 

Theorem 3.3. Let / € T“(/3), then 

i„ A3 2 H / « 2 -(i-/ 3) 2 A -(q-i)-2A 
I 3 2 I - \4a 2 (a+l) 2n J 2 

Conclusively, with special choices of the principal determinations involved, many bounds 
could be obtained. 
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§1. Introduction and Preliminaries 

Let B(H) be the Banach Algebra of all bounded linear operators on a non-zero complex 
Hilbert space H. By an operator, we mean an element from B(H). If T lies in B(H), then T* 
denotes the adjoint of T in B(H). For 0 < p < 1, an operator T is said to be p-liyponormal 
if ( T*T) p > (TT*) P . If p = 1, T is called hyponormal. If p = |, T is called semi-hyponormal. 
An operator T is called paranormal, if ||T;r|| 2 < ||T 2 a;|| ||a:|| , for every x £ H. Composition 
operators on hyponormal operators are studied by Alan Lambert M . Paranormal composition 
operators are studied by T. Veluchamy and S. Panayappan I 9 1. 

Let ( X , E, A) be a sigma-finite measure space. The relation of being almost everywhere, 
denoted by a.e, is an equivalence relation in L 2 (X, E, A) and this equivalence relation splits 
L 2 (X, E, A) into equivalence classes. Let T be a measurable transformation from X into itself. 
L 2 (X, E, A) is denoted as L 2 ( A). The equation Ct/ = f ° T, f € L 2 ( A) defines a composition 
transformation on L 2 ( A). T induces a composition operator Ct on L 2 (X) if (i) the measure 
AoT -1 is absolutely continuous with respect to A and (ii) the Radon-Nikodym derivative ^ 

is essentially bounded(Nordgren). Harrington and Whitley have shown that if Ct € B(L 2 ( A)), 
then C^Cxf = fof and CrC^f = ( fo°T)Pf for all / € L 2 { A) where P denotes the projection 
of L 2 ( A) onto ran(CT)- Thus it follows that Ct has dense range if and only if C'tC't is the 
operator of multiplication by /o o T, where fo denotes — - . 

Every essentially bounded complex valued measurable function fo induces a bounded oper- 
ator Mf 0 on L 2 ( A), which is defined by Mf 0 f = fof, for every / e L 2 ( A). Further C^Ct = Mf 0 
and C^ 2 Ct 2 = M ho . Let us denote d ^ A ^ — - by h i.e. f 0 by h and d( ' A < ^ — - by hk, where k is 
a positive integer greater than or equal to one. Then CJCr = Mh and C^ 2 Ct 2 = Mh 2 ■ In 
general, C^ k CT k = Mh k , where Mh k is the multiplication operator on L 2 ( A) induced by the 
complex valued measurable function h/~. 

Definition 1.1. I 10 ! An operator T is called k*- paranormal for a positive integer k, if for 
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every unit vector x in H , ||T fe ir|| > ||T*x|| fe . 

Theorem 1.1. 1 10 1 For k > 3, there exists a k*-paranormal operator which is not k*- 
paranormal operator. 

Theorem 1.2. An operator T is k*-paranormal for a positive integer k if and only if for 
any fj, > 0, 

T* k T k - kn k ~ x TT* + (, k -!)/?> 0. 



Proof. Let /r > 0 and x £ H with ||x|| = 1. Using arithmetic and geometric mean 
inequality, we get 



1 



k- 1 



l(li~ k+Y \T k y X , x ) + ^(j iXl x ) = ^~ k+1 \T k \ 

= \\T k x\\^ 

> \\T*xf 
= (TT*x, x ) . 



{/J.X, 



Hence 



,-fc+i 



(\T k \ x, x^ + ^ ^ (x, x) — (TT*x, x}>0. 



T* k T k - kn^TT* + (k- l)/u* > 0. 



Conversely assume that T* k T k - + (k - l)/x fc > 0. 

If ||T*a;|| = 0, then k*- paranormality condition is trivially satisfied. If x £ H with 
||T*x|| / 0 and ||x|| = 1, taking fi = ||T*x|| 2 , we get 

||T fe a;|| > ||T*:r|| fc . 



Hence T is k*-paranormal. 

In this paper we characterise k*-paranormal composition operators and k*-paranormal 
weighted composition operators. 



§2. k*-paranormal composition operators 

Theorem 2.1. For each positive integer k, Ct £ B(L 2 ( A)) is k*-paranormal if and only 
if hk — kix k ~ x {h o T)P + (k — l)/i fe > 0 a.e, for every fj, > 0. 

Proof. By theorem 1.2, Ct is k*-paranormal if and only if 

C* T k C £ - k^CrCr + ( k - 1 )^ 1 > °> for ever y V > °- 

This is true if and only if for every / £ L 2 ( A) and > 0, 

(M h J, f) - k Z" 1 (M {hoT)P f, f ) + (k - 1)/ (/, /) > 0, 



if and only if 



(hkf, f ) - fc/x*" 1 ((h o T)Pf , f) + (k — 1)/ (/, /) > 0, 
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if and only if 

(hkXE, Xe) - k /z fe_1 ((h o T)P X e, Xe) + (k- l)n k {xe, Xe) > 0, 
for every characteristic function \e of E in E, if and only if 

j ( hk — o T)P + (k — l)/z fe ) dA > 0 for every E in E, 

J E 

if and only if 

hk — k^ k ~ l (h o T)P + (k — 1 )fi k > 0 a.e, for every fi > 0. 

Corollary 2.1. For each positive integer k, Ct G B(L 2 (A)) is k*-paranormal if and only 
if hk > ( h k o T)P a.e. 

Theorem 2.2. For each positive integer k, C J is k*-paranormal if and only if ( hk°T k )Pk > 
h k a.e, where P's are the projections of L 2 ( A) onto ran(C B ). 

Proof. By theorem 1.2, C B is k*-paranormal if and only if 

([C T k C* T k - kn^C^Cr + 0 - 1 )fi k )g, g ) > 0, for all 5 G L 2 ( A), 

if and only if hk°T k Pk — kfj, k ~ 1 h + (k— l)p, fe > 0 a.e, for all fj, > 0, if and only if ( hk°T k )Pk > h k 

a.e. 

Corollary 2.2. If Ct G B(L 2 ( A)) has dense range, then is k*-paranormal if and only 
if hk o T k > h k a.e. 

Corollary 2.3. If Ct G B{L 2 { A)) has dense range, then both Ct and C t are k*- 
paranormal if and only if hk oT k > max[h k , h k o T k+1 ) a.e. 

§3. Weighted composition operators and aluthge transfor- 
mation of k*-paranormal operators 

A weighted composition operator induced by T is defined as IT/ = w(f o T) where w is a 
complex valued E measurable function. Let Wk denote w(w o T)(w o T 2 ) ■■■(wo T k _1 ). Then 
W k f = Wk(f o T) k . To examine the weighted composition operators effectively Alan Lambert 
M associated conditional expectation operator E with T as E(- /T~ x E) = E(-). E(f) is defined 
for each non-negative measurable function / G L p (p > 1) and is uniquely determined by the 
conditions: 

1. E(f) is T _1 E measurable. 

2. if B is any T -1 E measurable set for which f B f dA converges, we have J B f dA = f B E(f) dA. 

As an operator on L p , E is the projection onto the closure of range of T and E is the 
identity operator on L p if and only if T -1 E = E. Detailed discussion of E is found in [4], [5] 
and [7]. 

The following proposition due to Campbell and Jamison is well-known. 

Theorem 3.1. I 4 ! For w > 0, 
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1. W*W f = h[E(w 2 )] o T~ x f. 

2. WW*f = w(hoT)E(wf). 

Since W k f = w k (foT k ) and W* k f = h k E(w k f)oT~ k , we have W* k W k = h k E{w k )oT~ k f , 
for / £ L 2 ( A). Now we characterize k*-paranormal weighted composition operators. 

Theorem 3.2. Let W £ B(L 2 (\)). Then W is k*-paranormal if and only if h k E(w k ) o 
T~ k — kfj, k ~ 1 w(h o T)E(w ) + (k — 1 )[i k > 0 a.e, for every (j, > 0. 

Proof. Since W is k*-paranormal, 

W * k W k - k/j, k ~ 1 WW* + (k - 1 )n k I > 0, for every /x > 0. 

Hence 

f h k E{wl) o T" fc - k/j, k ~ 1 w(h o r)fi( w ) + (jfc - l)/d A > 0, 

J E 

for every E £ S and so 

h k E{w k ) o T -fc — k^ k ^ 1 w{h o T)E(w) + (k — l)/r fc > 0 a.e. for every n > 0. 

Corollary 3.1. Let T -1 E = E. Then W is k*-paranormal if and only if h k u) k o T~ k — 
kfi k ~ 1 w' 2 {h o T) + (fc — l)/x fc > 0 a.e, for every // > 0. 

The Alugth transformation of T is the operator T given by T = \T^ 2 U \T\ 1 ^ was in- 
troduced by Alugth I 2 1. More generally we may form the family of operators T r : 0 < r < 1 
where T r = \T\ r U \T\ X ' PI. For a composition operator C, the polar decomposition is given by 
C = U \C\ where \C\ = y/hf and U f = ^d-^ /oT. Lambert PI has given a more general Alugth 

transformation for composition operators as C r = \C\ r U |C'| 1- ’ as C r f = (^f)^ 2 /°f. i.e. 
C r is weighted composition with weight n = ■ 

Corollary 3.2. Let C r £ B(L 2 ( A)). Then C r is of k*-paranormal if and only if h k E( n k ) o 
T~ k — k^ k ~ x n(h o T)E(tt) + (k — 1 )n k > 0 a.e. for every fj, > 0. 
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Abstract Let G be a ( p , q) graph. Let / be a map from V ( G ) to {1, 2, • • • , p}. For each edge 
xy, assign the label | / ( x ) — / (y)\. f is called a difference cordial labeling if / is a one to one 
map and | e / (0) — e/ (1)| < 1 where e/ (1) and e/ (0) denote the number of edges labeled with 
1 and not labeled with 1 respectively. A graph with a difference cordial labeling is called a 
difference cordial graph. In this paper we investigate the difference cordial labeling behavior 
of subdivision of some graphs. 

Keywords Subdivision, web, wheel, book, corona. 
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§1. Introduction and preliminaries 

Let G = (U, E) be ( p , q ) graph. In this paper we have considered only simple and undirected 
graphs. The number of vertices of G is called the order of G and the number of edges of G 
is called the size G. The subdivision graph S ( G ) of a graph G is obtained by replacing each 
edge uv by a path uwv. The corona of G with H, G Q H is the graph obtained by taking 
one copy of G and p copies of H and joining the i th vertex of G with an edge to every vertex 
in the i th copy of H. Graph labelling plays an important role of numerous fields of sciences 
and some of them are astronomy, coding theory, a:-ray crystallography, radar, circuit design, 
communication network addressing, database management, secret sharing schemes etc. ^ . The 
graph labeling problem was introduced by Rosa. In 1967 Rosa introduced Graceful labeling 
of graphs t 13 l . In 1980, Cahit W introduced the concept of Cordial labeling of graphs. Riskin 
I 12 l, Seoud and Abdel Maqusoud I 14 l, Diab I 2 1, Lee and Liu I 5 ], Vaidya, Glrodasara, Srivastav, 
and Kaneria t 15 l were worked in cordial labeling. Ponraj et al. introduced fc-Product cordial 
labeling I 10 !, fc-Total Product cordial labeling I 11 ! recently. Motivated by the above work, R. 
Ponraj, S. Sathish Narayanan and R. Kala introduced difference cordial labeling of grpahs 
In [6, 7, 8, 9] difference cordial labeling behavior of several graphs like path, cycle, complete 
graph, complete bipartite graph, bistar, wheel, web, B m QK i, T n QK 2 and some more standard 
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graphs have been investigated. In this paper, we investigate the difference cordial behaviour 
of S S (. K 2 , n ), S (W„), S (P n © A'i), S ( W ( t,n )), S (B m ), S Let x be any real 

number. Then the symbol |_xj stands for the largest integer less than or equal to x and [a;] 
stands for the smallest integer greater than or equal to x. Terms not defined here are used in 
the sense of Harary M . 



§2. Definition and properties 

Definition 2.1. Let G be a (p,q) graph. Let / : V ( G ) — > {1,2, •• • ,p} be a bijection. 

For each edge uv, assign the label | / ( u ) — f (v) |. / is called a difference cordial labelling if / 

is 1 — 1 and |e / (0) — e/ (1)| < 1 where e/ (1) and e/ (0) denote the number of edges labelled 
with 1 and not labelled with 1 respectively. A graph with a difference cordial labelling is called 
a difference cordial graph. 

Let G be a (j>,q) graph. Let / : V ( G ) — > {1,2, ••• ,p} be a bijection. For each edge 

uv, assign the label / (u) — f (v)\. f is called a difference cordial labelling if / is 1 — 1 and 

|e/ (0) — e/ (1)| < 1 where e/ (1) and e/ (0) denote the number of edges labelled with 1 and not 
labelled with 1 respectively. A graph with a difference cordial labelling is called a difference 
cordial graph. 

Theorem 2.1. S (Ai,n) is difference cordial. 

Proof. Let V ( S (I\i ; „)) = {u}U{rtj, Vi : 1 < i < n} and E (S (K l n )) = { uu.i , wyUj : 1 < i < n}. 

Define a function / : V (S {1, 2, • ■ • , 2n + 1} by 

/ (ui) = 2* — 1, 1 < i < n\ 

f (vi) = 2 i, 1 < i < n, 

and / (u) = 2 n + 1. Since e/ (0) = e/ (1) = n, f is a difference cordial labelling of S' (Ap„). 

A difference cordial labelling of S (AA,s) is given in figure 1. 
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Theorem 2.2. S (A 2 , n ) is difference cordial. 

Proof. Let V (S (K 2 ,n)) = {m,u} U {'Ui, Vi,Wi : 1 < i < n} and A(S(A' 2 , n )) 
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{uvi, ViUi , vv>i,WiUi : 1 < i < n}. Define / : V (S (A' 2 , n )) — {1, 2, • • • , 3n + 2} by 



/ («») 


= 3i - 


1, 


1 < i < n; 


/(*>») 


= 3t - 


2, 


1 <7 < n: 


/ (wt) 


= 3i, 




1 < i < n. 



/ (u) = 3n + 1 and / (v) = 3n + 2. Since e/ (0) = e/ (1) = 2 n, f is a difference cordial labelling 
of S(A 2 , n )- 

Theorem 2.3. 5 (W n ) is difference cordial. 

Proof. Let V (S (W n )) = {it,, Wi, Vi : 1 < i < n} U {it} and E(S{W n )) = 

{uVi,ViUi,UiWi,WiU i+i(mod n) : 1 ^ ^ n }- Define / : V (S (W„)) {1, 2, • • • , 3 n + 1} by 



f(Ui ) 


= 2* — 1, 


1 < 7 < 77; 


/(^i) 


= 27, 


1 < ? < n; 


/ K) 


= 2?7+l + 7, 


1 < 7 < 77, 



and / (u) = 2n + 1. Since e/ (0) = e/ (1) = 2 n, S' (W n ) is difference cordial. 

Subdivision of a Wheel S (icg) with a difference cordial labelling is shown in figure 2. 
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Theorem 2.4. Let G be a (p, q) graph and if S (G) is difference cordial. Then S (G © mKi) 
is difference cordial. 

Proof. Let / be a difference cordial labelling of S (G). Let V (S (G)) = {it,; : 1 < i < n}, 
V (S (G 0 m/fi)) = jitf , w{ : 1 < 7 < m, 1 < j < p j U V (S (G)) and A (S (G 0 mK-\)) = 

| Mild, id im{ : 1 < * < m, 1 < j < p j U A (S (G)). Define a 1-1 map g : V (S (G © mKi)) — > 
{1, 2, - - - , (to + 2) p} by 

9 («i) = / (u») , 1 < i < 2p; 

/ ^id ^ = 2p + (2j — 2) m + 2i, 1 < 7 < m, 1 < j < p; 

f (i = 2p + (2j — 2) m + 2i — 1, 1 < i < m, 1 < j < p. 

Obviously the above labelling g is a difference cordial labelling of S (G © mK{). 
Theorem 2.5. S ( P n © K\) is difference cordial. 
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Proof. Let V ( P n © K \ ) = {ui, Vi : 1 < i < n} and let V (S (P n © K i)) = 
| Uj :l<i<n — l|u : 1 < i < raj and A (5 (P„ © A'i)) = jitjitj. MjUi+i : 



raj. Define / 


: V (S (P n © Ad)) - 


-»■ {1,2,- , 4n — 1} by 


/ Oh) 


= 2* — 1, 


1 < * < n; 


/(«;) 


= 2*, 


1 < * < n — 1; 


/ (ul_ i+1 ) 


= 2n — 1 + i, 


1 < ? < n; 


/ UC-i+i) 


= 3ra — 1 + i, 


1 < * < n. 



P (P n © Ad) U 
1 < i < n- l| 



Since e/ (0) = e/ (1) = 2n — 1, S ( P n © Ad ) is difference cordial. 

Theorem 2.6. 5 (P„ © 2Ad) is difference cordial. 

Proof. Let V ( S (P n © 2Ad)) = {u,,. Vi, Wi, x,, yi : 1 < z < n} U {zi : 1 < i < n — 1} and 
E (S (P„ © 2Ad)) = {uiVi, ViWt , UtXi, XiUi : 1 < i < n} U {itjZj, -ojiti+i : 1 < i < n — 1}. Define 
/ : V (S (P„ © 2Ad)) - {1, 2, • • • , 6ra - 1} by 





f{Ui) 


= 2i — 1, 


1 < * < n; 




f(Zi) 


= 2z, 


1 < i < n — 1 


/0>< 


n— z+1 ) 


= 2n + 2i — 2, 


1 < * < n; 


/(w, 


rz— z+1 ) 


= 2n + 2i — 1, 


1 < * < n; 




f(Xi) 


= 4n + i — 1, 


1 < i < n; 




f(Vi ) 


= 5n + i — 1, 


1 < i < n. 



Since e/ (0) = ej (1) = 3n — 1, / is a difference cordial labelling of S (P n © 2Ad). 

The Lotus inside a circle LC n is a graph obtained from the cycle C n : u\U 2 ■ ■ ■ u n ui and 
a star Ai jM with central vertex vq and the end vertices V1V2 • • • v n by joining each Vi to Ui and 

u i + 1 (mod n)' 

Theorem 2.7. S ( LC n ) is difference cordial. 

Proof. Let the edges «iM i+1 ( mod \ , v 0 Vi, ViUt and ?hw i+1 ( moc i n \ be subdivided by w. h 
Xi, yi and Zi respectively. 



Define a map f : V (S (LC n )) 


— {1,2,--- , 6n + 1} 


as follows: 


f (Ui) 


= 4i - 3, 


1 < i < n; 


f(Vi) 


= 4* — 1, 


4 <i <n\ 


f ( Wi ) 


= 5n + 1 + i, 


1 < i < n: 


f(Xi) 


= 4n + 1 + i, 


1 < i < n; 


f (Vi) 


= 4i — 2, 


1 < * < n; 


f(*i) 


= 4i, 


1 < i < n, 



and / (vo) = 4n + 1. Obviously, the above vertex labelling is a difference cordial labelling of 
S(LC n ). 

The graph P^ is obtained from the path P„ by adding edges that joins all vertices u and 
v with d (u, v) = 2. 
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Theorem 2.8. S (P„) is difference cordial. 

Proof. Let V (S (P%)) = {ui : 1 < i < n} U {i>i : 1 < i < n — 1} U {w,; : 1 < i < n — 2} 
and E ( S ( P % )) = { UiVi , ViUi+i : 1 < i < n — 1}U {itiWi, WiUi +2 ■ 1 < * < n — 2}. Define / : 
V(S(PZ)) {1,2, - - - , 3n — 3} by 

f (ui) = 2* — 1, 1 < i < n — 1; 

/ (t>i) = 2 i, 1 < i < n — 1; 

/ (iCj) = 2n — 1 + *, 2 < i < n — 2, 



f (u n ) = 2 n and f {w{) = 2n — 1. Since e/ (0) = e/ (1) = 2n — 3, / is a difference cordial 
labelling of S(P,?). 

Theorem 2.9. S' (A '2 + mK\) is difference cordial. 

Proof. Let V (S (K2 + fnK 1)) = {it, 1 ;, u,, i>j, w, : 1 < i < m} and A (S (A'2 + mK\)) = 

{uui, UiWi, WiVi, ViV : 1 < i < m} U {uw,vw}. Define an injective map / : V (S (A" 2 + mK\)) 
— > {1, 2, • • • , 3n + 3} as follows: 



f(ui) 


= 3i + 1, 


1 < i < m 


f{Vi) 


— 3i + 3, 


1 < i < m: 


f(m) 


— 3i + 2, 


2 < i < m 



/ ( 11 ) = 1, / (v) = 2 and / (ic) = 3. Since e/ (0) = e/ (1) = 2m + 1, / is a difference cordial 
labelling of S (A" 2 + mK\). 

A difference cordial labelling of S (A '2 + 4A'i) is given in figure 3. 
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Figure 3 

The sunflower graph S n is obtained by taking a wheel with central vertex vo and the cycle 
C n : V1V2 ■ ■ • v n vi and new vertices W1W2 ■ ■ ■ w n where Wi is joined by vertices Vi, v i+1 j mo( j . 
Theorem 2.10. Subdivision of a sunflower graph S (S n ) is difference cordial. 

Proof. Let V (S (S„)) = ^Ui,u i: Vi,Wi,w i: Xi,u : 1 < i < nj and E (S (S n )) = 

{ u i u 'i’ u 'i u i+i( mo d ^’^i’XiU^UiWuWiVuViW^w'iU^^ od : 1 < i < n|. Define / : 
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V ( S (S n )) — ^ {1,2, - -- , 6n + 1} by 



f(ui) 


= 4* - 3, 


1 < i < n\ 




= 5n + 1 + i, 


1 < i < n; 


f(wi) 


= 4i — 2, 


1 < * < n; 


f 0 i) 


= 4i - 1, 


1 < * < n; 


1 («.;) 


= 4/ 


1 < i < n; 


f{Xi) 


= 4n + 1 + i, 


1 < * < n, 



and / (u) = 4n + 1. Since e/ (0) = e/ (1) = 4n, S (S n ) is difference cordial. 

The helm H n is the graph obtained from a wheel by attaching a pendant edge at each 
vertex of the ?r-cycle. A flower Fl n is the graph obtained from a helm by joining each pendant 
vertex to the central vertex of the helm. 

Theorem 2.11. Subdivision of graph of a flower graph S ( Fl n ) is difference cordial. 

Proof. Let V (S (Fl n )) = {ui,Vi,Wi,Xi,yi,Zi : 1 < i < n} U {it} and E (S (Fl n )) = 
{ u iVi,ViU i+1 ^ mod n yuXi,XiUi,Uiyi,yiWi,WiZi,ZiU : 1 < i < raj. Define / : V (S (Fl n )) -> 
{1,2,- •• , 6n + 1} by 



/(O 


= 5* — 1, 


1 < i < n\ 


/K) 


= 5 n + i , 


1 < i < n; 


/ (Wi) 


= 5* — 3, 


1 < i < n; 


f (Xi) 


= 5/ 


1 < * < n; 


f(Vi) 


= 5i — 2, 


1 < i < n; 




= 5* - 4, 


1 < i < n, 



and / (u) = 6n + 1. Since e/ (0) = e/ (1) = An, S ( Fl n ) is difference cordial. 

The book B m is the graph S m x P 2 where S m is the star with m + 1 vertices. 

Theorem 2.12. S ( B m ) is difference cordial. 

Proof. Let V (S (B m )) = {w, v, w} U {ui, Vi, Wi, Xi, yi : 1 < i < m} and E (S (B m )) = 
{uw,vw} U {uXi,XiUi,UiWi,WiVi,ViUi,yiV : 1 < i < m}. Define a map / : V (S (B m )) — > 
{1,2, • • • ,5 m + 3} by 



/Oi) 


= 4 i, 


1 < i < m; 


/ («"*) 


= 4i + 1, 


1 < i < m; 


/(«*) 


= 4* + 2, 


1 < i < m; 


/ (y») 


= 4i + 3, 


1 < i < m — 1; 


/(®») 


= 4m + 2 + i, 


1 < i < m, 


') = 3 and / (y m ) = 5m + 3. 


Since ej (0) = ey 



difference cordial. 

Prisms are graphs of the form C n x P n . 

Theorem 2.13. S ( C n x P 2 ) is difference cordial. 



S ( B m ) is 
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Proof. Let V ( S (C n x P 2 )) = {ui,Vi,u’i,Xi,yi : 1 < i < n} and E ( S (C„ x P 2 )) = 
{uiXi,XiU i+1 ( mod n yUiWi,WiVi,Viyi,yiV i+1 ( m0(i n y.l <i < 11 }. Define a function / : 

V {S (C n x P 2 )) — > {1, 2, • • • , 5n} by 



f(Ui) 


= 2i — 1, 


1 < i < n; 


f(xi ) 


= 2i, 


1 < i < n; 


/ (m) 


= 2n + 2i — 1, 


1 < i < n; 


f(Vi) 


= 2n + 2 i, 


1 < * < n; 


f{Vi ) 


= 4n + 1 + i, 


1 < i < n — 1, 



and / (y n ) = 4n+l. Since e/ (0) = e/ (1) = 3n, / is a difference cordial labelling of S (C n x P 2 ). 

The graph obtained by joining the centers of two stars iCym and Ki >n with an edge is 
called Bistar B m>n . 

Theorem 2.14. S(B m n ) is difference cordial. 

Proof. Let V ( S (B m>n )) = {u, v,w} U {ui,Xi : 1 < i < m} U {vi,yi : 1 < i < n} and 
E (S (B m ^ n )) = {uw,wv} U {'UXi,XiUi : 1 < i < m} U {vyt^yiVi : 1 <i< n}. Define an injec- 
tive map / : V (S (B m ^ n )) — > {1, 2, • ■ • , 2m + 2 n + 3} by 



/(«») 


= 2i, 


1 < i < m; 


/K) 


= 2?n + 2*, 


1 < i < n; 


/ (a:*) 


= 2* - 1, 


1 < i < m; 


f(Vi ) 


= 2m + 2* — 1, 


1 < i < n. 



/ (u) = 2m + 2n + 3, / (v) = 2m + 2n+ 2 and / (w) = 2m + 2n + 1. Clearly the above vertex 
labelling is a difference cordial labelling of S (B„ hn ). 

The graph K 2 x K 2 x • • • x K 2 (n copies) is called a n-cube. 

Theorem 2.15. Subdivision of a n-cube is difference cordial. 



Proof. Let G = K 2 x K 2 x • • • x K 2 (n copies). Let the edges MjUj+i, UjUj+i, XiXi + 1, 
WiWi+i, UiVi, ViXi, XiWi and WiUt be subdivided by u v t , x i: w yt , y t , Zi and z i respectively. 



64 



R. Ponraj, S. Sathish Narayanan and R. Kala 



No. 3 



Define / : V (S (G)) — > {1, 2 , • • • , 12 n — 16} by 



/ Oi) = 


5n + 5i — 14, 


3 < i < n — 1; 


/(\) = 


5ro + 5* — 10, 


2 < i < n — 2; 


/ Oi) = 


5n + 5i — 12, 


3 < * < n — 1; 


/(*:) = 


5n + 5i — 6, 


2 < i < n — 2; 


/ Oi) = 


5 i - 4, 


3 < i < n — 1; 


/(*:) = 


5 i + 2, 


2 < i <n — 2\ 


/ 00 = 


5?' — 6, 


3 < i < n — 1; 


= 


5i-2, 


2 < i < n — 2\ 


f Oi) = 


5n + 5i — 13, 


3 < i < n — 1; 


II 


lOn — 16 + i, 


1 < i < n — 1; 


/ 0*) = 


5 i — 5, 


3 < i < n — 1; 


/(t) = 


lln —17 + i, 


1 < i < n- 1. 


/ Oi) = 5n— 7, / (m 2 ) = 5n— 5, / 


) = 5 n-6, /Oi) 


= 5n— 1, / O 2 ) = 5n— 3, / (u}) = 5n-2, 


/ Oi) = 7, / (ar 2 ) = 5, / = 6, / 0>i) = 1, / (w 2 ) = 3, / = 2, / (j/i) = 12n - 17, 

/ (y 2 ) = 5n — 4, /( 21 ) = 12n — 16 and / (z 2 ) = 4. Since e/(0) = e/(l) = 8 n — 12, / is 
a difference cordial labelling of S'(G). Jelly fish graphs J(m,n) are obtained from a cycle 
G 4 : 'i’i'i' 2 t> 3 f 4 'yi by joining v -4 and v$ with an edge and appending m pendant edges to r> 2 and 
n pendant edges to V 4 . 

Theorem 2.16. S (J (m,n)) is difference cordial. 

Proof. Let the edges V 1 V 2 , V 2 V 3 , V 3 V 4 , V 4 V 1 , V 1 V 3 be subdivided by u, v, w, x, y respectively 
and the edges V 2 Ui (1 < i < to) and V 4 Wj (1 < j < n) be subdivided by and Wj respectively. 
Define a one-to-one map f :V(S(J (to, «))) — > {1, 2, • • • , 2 to + 2n + 9} by / Oi) = 2 , / (r> 2 ) = 
7, / 0 3 ) = 5, / 00 = 8, / (u) = 3, / (v) = 6, / (w) = 4, / (a:) = 1, / 0) = 9, 


/ Oi) = 


= 2i + 8, 


1 < i < to; 


/(«:) = 


= 2z -|- 9, 


1 < i < to; 


/ O) = 


= 2m + 2z + 8, 


1 < i < n; 


/(»;) - 


= 2m + 2i + 9, 


1 < i < n. 



Clearly e/ (0) = e/ (1) = in + n + 5. It follows that, / is a difference cordial labelling of 
S (J ( m,n )). The helm H n is obtained from a wheel W n by attaching a pendent edge at each 
vertex of the cycle Cn. Koh et al. I 3 1 Define a web graph. A web graph is obtained by joining 
the pendant points of the helm to form a cycle and then adding a single pendant edge to each 
vertex of this outer cycle. Yang I 3 1 has extended the notion of a web by iterating the process of 
adding pendant points and joining them to form a cycle and then adding pendent point to the 
new cycle. W ( t,n ) is the generalized web with t cycles C n . 

Theorem 2.17. S (W ( t, n )) is difference cordial. 
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Proof. Let be the cycle u \ , u\ . . . u l n u\. Let V (W (t, n)) = (J V : 1 < i < n} 

U {;«} and V ( S {W (t. n))) = : 1 < i < n, 1 < j < i j U : 1 < i < n, 1 < j < f + l| U 

V (W ( t , n)) and E (S (TY (t, n))) = { u i v ii v i l 4 + 1 : 1 < * < n — 1, 1 < j < f | U 

| u J n v : 1 < j < t j U {mw, 1 : 1 < * < n} U judu'’, ujw^ +1 : 1 < j < f, 1 < * < nj U 
{ w\ +1 Zi : 1 < i < n}. Define a map f : V (S (W (f, n))) — ^ {1,2,--- , 3nf + 2n + 1} as follows: 



f{ 


A) 


= 2j — 1 


5 


f{ 


W) 


= / H_ 


l) + 2 i, 


/ 1 


(“<) 


= / 


) +1 > 


/ 


w 


= f K +1 ) + 1, 


/ 


H) 


= n (2t 4 


' 2) + j, 


/ 


H) 


= /K-: 


l) +J» 



1 < j < t + 1; 

1 <j<t, 2 < i < n; 

1 < y < t, 2 < i < n; 

1 < i < n; 

1 < j < t + 1; 

1 <j < t + 1, 2 <i<n, 



and / (m) = 3nf + 2n + 1. Since e/ (0) = e/ (1) = n (2t + 1), / is a difference cordial labelling of 
S' {W ( t,n )). A Young tableau Y m , n is a sub graph of P m x P n obtained by retaining the first 
two rows of P m x P n and deleting the vertices from the right hand end of other rows in such a 
way that the lengths of the successive rows form a non increasing sequence. Let V (P m x P n ) = 
{ Uij : 1 < i < m, 1 < j < ?r} and E (P m x P n ) = {uijui, j + 1 : 1 < i < m, 1 < j < n — 1}U 
{v,i t jUi+ i t j : 1 < i < m — 1,1 < j < n}. 

Theorem 2.18. S (Y nn ) is difference cordial. 

Proof. Let Y n ^ n be a young tableau graph obtained from the grid P n x P n . Let the 
edges u it jUi + ij be subdivided by Wij. The order and size of S (Y n ,n) are 3n + 2 5ra ~ 6 and 
2 (n — 1) (n + 2) respectively. Define a map / : V (S (Y ntn )) — > jl,2,--- , 3ra2 + 2 5n ~ 6 j as fol- 
lows: 

= 2j — 1, 1 <j<n\ 

f = 2 J. 1 < j < n - 1; 

= n 2 — 2n — 2 + j, 1 < j < n. 



/ ( M 2j) 


= 2 n + 2 j — 2, 


f( V 2,j) 


= 2n + 2 j — 1 , 


f i U i,j) 


= / ( w i— l,n— i+ 3 ) A 2j 


f (Vi,j) 


= / ( u i,j) + 1) 


f(Wij) 


= f (Wi-l,n-i+2) + j, 



Since e/ (0) = e/ (1) = (n — 1) (n + 2) , / is 



1 < j < n; 

1 < j < n - 1 ; 

3 < i <n, 1 < j < n — i + 2\ 

3 < i <n, 1 < j < n — * + 2; 

2 < i < n — 1, 1 < j < n - i + 1. 

a difference cordial labelling of S (Y n , n ) 
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Abstract In this paper, the eigenvalues and the upper bounds for spectral norm and Eu- 
clidean norm of right circulant matrices with sine and cosine sequences were derived. 
Keywords Circulant matrix, sine and cosine sequences. 



§1. Introduction and preliminaries 

In [1] and [2] the formulae for the determinant, eigenvalues, Euclidean norm, spectral 
norm and inverse of the right circulant matrices with arithmetic and geometric sequences were 
derived. The said right circulant matrices are as follows: 



RCIRC n (g) 



RCIRC n (d) 



a 


ar 


2 

ar z • • • 


■ ar n ~ 2 


ar™- 1 \ 






ar 11 " 1 


a 


ar 


ar n ~ 3 


ar n ~ 2 






ar n ~ 2 


ar 71 " 1 


a 


■ ar n ~ 4 


ar n ~ 3 


■> 




2 

ar z 


ar 3 


ar 4 ■ ■ • 


a 


ar 






ar 


ar 2 


ar 3 ■■ ■ 


■ ar n_1 


a ) 






a 




a + d 


a -\- 2d • • 


a + (n 


- 2 )d 


a + (n — 1 )d 


a + (n — 


1 )d 


ad 


a + d 


a + (n 


- 3 )d 


a + (n — 2 )d 


a + (n — 


2 )d a 


+ (n — 1 )d 


a 


a + (n 


- 4 )d 


a + (n — 3 )d 


a 2 d 


a + 3d 


a + Ad 


a 


a + d 


a + d 




a -\- 2d 


a + 3d 


a + (n 


- 1 )d 


a J 



with circulant vectors 



g = (a, ar, ar 2 , ■ ■ ■ ,ar n 2 ,ar n 1 ), 
d = (a, a + d, a + 2d, ■ ■ ■ , a + (n — 2)d, a + (n — l)d). 



The followings are basic identities on sine and cosine: 
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1. sin 2 x + cos 2 x = 1, 

2. sin 2 2x = '~ co f 2x , 

3. cos 2 2x = 1+co f 2x . 

The following are identities regarding sin kx and cos kx that will be used later: 



4. sin kx = 2 cos x sin (k — l)x — sin (k — 2)x, 



5. cos kx =2 cos x cos ( k — l)a; — cos ( k — 2)x, 



. sin(inx) sin[i(n+l)xl 

6. Efc=o sm kx = J n( ^ } 1 , 

7 V" kr - cos (l K3; ) sin[l(n+l)a] 

'■ 2^k=0 COSKX - sin(ix) 



Definition 1.1. Let the following be the circulant vectors of the right 
RCIRC n (c ) , RCIRC n {i ) and RCIRC n {h ): 


matrices RCIRC n (s), 


s = (0, sin0, sin 26, ■ ■ ■ 


, sin (n — 1)0), 


(1) 


c = (1, cos0, cos 29, ■ ■ ■ 


,cos (n — 1)0), 


(2) 


t = (0, sin 2 9, sin 2 2 9, ■ 


• • ,sin 2 (n — 1)0), 


(3) 


h = (1, cos 2 0, cos 2 29 , • 


• • ,cos 2 ( n — 1)0). 


(4) 



Definition 1.2. Let <j m , 7 m , r m and S m be the eigenvalues of RCIRC n (s), RCIRC n (c ), 
RCIRC n (t) and RCIRC n (h ), respectively. 

Definition 1.3. Let A be an n x n matrix then the Euclidean norm and spectral norm of 
A is denoted by ||Al||£ and ||A|| 2 , respectivley. These two are given by 



WMe 

mii 2 



m,n 

\ E 4> 

\ i,j= 0 

max {|A m |} ; where A m is an eigenvalue of A. 



Lemma 1.1. 

n— 1 

L 0 ~ mk = 0, where u = e 2ni/n . 

k—0 

Proof. 



k=0 



1 _ u-mkn 

1 - LU- mk 



1 — e 



2-7T ik 



l - uj- mk 

0. 
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§2. Main results 

Theorem 2.1. The eigenvalues of RC I RC n (s) are 



ctq = 



sin I 


)in0) 


1 sin 


& 


]n +1)0] 


sin ( 


¥) 


1 



n— 1 



a m = [2 cos 0 sin ( k — 1)6 — sin ( k — 2)8] to mk , 



k = o 



where m = 1, 2, • • • , n — 1 and u> = e 27 ”/™. 
Proof. For m = 0, 



n— 1 






= sin kd 



k = o 



sin | 


{\ n0 ) 


1 sin 


[§' 


In +1)0] 


sin ( 


¥) 


1 



For m/0, 



— mk 



= [sin /c0] 
k—0 
n— 1 

= [2 cos 8 sin (A: — 1)0 — sin ( k — 2)6] ui 



—mk 



k—0 



Theorem 2.2. The eigenvalues of RC I RC n (s) are the following: 



cos | 


?2 n6 ) 


1 sin 


[|(n + 1)0] 


sin I 


ll 


\6) 


i 



7 m = ^ [2 cos 0 cos (k — 1)8 — cos (k — 2)8] to mk . 

k = o 

Proof. For m = 0, 

n— 1 

7o = E cos kQ 

k—0 



cos 1 


[\n8] 


1 sin 


[|(n+ 1)0] 


sin ( 


¥) 


i 



7 m = E [ cos ^ w mk 

k—0 
n— 1 

= ^ [2 cos 8 cos (fc — 1)0 — cos ( k — 2)0] uj~ mk . 

k = o 



For m ^ 0, 
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Theorem 2.3. The eigenvalues of RCIRC n {t) are the following: 



to = 



Proof. 

For m = 0, 



For m/0, 



n sin 0 — 2 cos [(n — 1)0] sin nO 
2 sin 0 



= ^ {cos [2 (fc — 2)0] — cos 20 cos [2 (fc — 1 )9]}lu 



k = o 



n— 1 



TO = 



= E 



sin 2 kd 
1 — cos 2kd 



k — 0 
n— 1 



/c— 0 

n 



— cos 2fc0 



k = 0 



n sin 0 — 2 cos [(n — 1) 0] sin n0 
2 sin 0 



n— 1 



= [sin 2 fc0] 



—mk 



k=0 
n— 1 



= E 



1 — cos 2 /c# 



-a; 



—mk 



k = 0 
n— 1 






—mk 



2 * 0 ], 

n— 1 

y~~[ {cos [2(fc — 2)0] — cos 20 cos [2 (k — 1)0]}uT 



k=0 



via lemma 1.4 and identity 5. 

Theorem 2.4. The eigenvalues of RC I RC n (h) are the following: 



<5o 
3 m 



n sin 0 + 2 cos [(n — 1)0] sin nO 
2 sin 0 

n— 1 

{cos 2# cos [2{k — 1)0] — cos [2(k — 2)0]} u 

k = o 



mk 



mk 



mk 



Vol. 9 



On right circulant matrices with trigonometric sequences 



71 



For m = 0, 



T 0 = 



= E 



cos 2 kd 
1 + cos 2 kd 



k — 0 
n— 1 



k — 0 



+ ^ cos 2 k 9 



k = o 



nsin0 + 2 cos [(n — 1)0] sinn0 

2 sin 0 



For m/0, 



T m = ^ [ cos2 



—mk 



id 



k = 0 
n— 1 



E l + cos 2 kO ju 
— - — 



k—0 

n — 1 n— 1 

= 

2 

/ c — 0 fc =0 

n— 1 



—mk 



y [cos 2&0] 
fc =0 

= ^ {cos 20 cos [2(/c — 1)0] — cos [2(fc — 2)0]} w 



—mk 



k—0 



via lemma 1.4 and identity 5. 

Theorem 2.5. ||i?C'/i?C n (s) || 2 < n — 1 and ||i?C , /i?C , ra (t) || 2 < n — 1. 
Proof. Let RCIRC n {p) = RCIRC n (s) or RCIRC n (j) and /r m = a m or r m . 

||i?C/i?C n (p)|| 2 = max{\iJ, m \} 



= 

k—0 
n— 1 

< Eb fc l- 



— mk 



k—0 



Note that | sin fc0|, | sin 2 k 9 \ £ [0, 1], so the theorem follows. 

Theorem 2.6. \\RCIRC n (c )\\ 2 < n and RCIRC n (h ) < n. 

Proof. Let RCIRC n (q) = RCIRC„(c) or RCIRC n {h) and (j> m = 7 m or 5 m . 

\\RCIRC n (q )\\ 2 = max { \ (f > m | } 

n — 1 

\ A n . —mk 

— 2^ qkUJ 



k = 0 
n — 1 



< Ei^i- 



k = 0 
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Note that | cos kd |, | cos 2 k9\ G [0, 1], so the theorem follows. 

Theorem 2.7. \\RCIRC n (s)\\ E < y/n(n — 1) and \\RCIRC n (t)\\ E < \/n(n — 1). 
Proof. Let RCIRC n (p) = RCIRC n (s) or RCIRC n (t), 



\RCIRC n (p)\\ E = 



= \ 


n— 1 

n J2 p l 

k—0 




n— 1 

nY.Pl 


\ 


k— 1 


< \J n(n-l ) 



Theorem 2.8. \\RCIRC n (c)\\ E < n and RCIRC n {h) 
Proof. Let RCIRC n {q) = RCIRC n (c) or RCIRC n (h), 



< n. 



\\RCIRC n (q)\\ E = 



< 



n— 1 

\ k—0 

n— 1 







= n. 
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§1. Introduction 



Assume throughout this paper that q = e mT , where Or > 0. As usual, the classical Jacobi 
theta functions are defined as follows, 




OO 




(1) 



OO 




OO 




(2) 




1 + 2 ^ q n cos 2 nz, 



OO 



( 3 ) 



n =— oo 

OO 



n— 1 

oo 



0 4 (z\r) = (-!)> 



( n 2 g 2nzi 



= 1 + 2 ^(— l) n q n cos 2 nz. 



(4) 



n—1 



The q— shifed factorial is defined by 



OO 



(a;g) oo = hf(l-a9 n ), 



71—0 
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and sometimes is written as 

(Gl , Cl 2 ; * ' * ) Q)co (fll, <i)oo{a-2, <?)oo ' ' ' (&m> Q') 

With above notation, the celebrated Jacobi triple product identity can be expressed as 
follow 



£ (-D"« 



n n(n-i)/ 2 r n _ / . 



z n = (<?; < 7 ) 00 ( 21 ; q)oo(q/z-, q)oo- 



(5) 



n—— 00 



Employing the Jacobi triple product identity, we can derive the infinite product expressions for 
theta function. 



Proposition 1.1 (Infinite product representations for theta functions) 

9i(z\t) = 2 sinz(q 2 - q 2 ) tx (q 2 e 2tz ; q 2 ) 00 (q 2 e~ 2tz ; q 2 )^, 
0 2 ( z \ t ) = 2gi(g 2 ;g 2 ) 00 (- <Z 2 e 2 ^;g 2 )oo(-g 2 e- 2i2 ;<Z 2 )oo, 
OMr) = {q 2 \ q 2 )oo(—qe 2iz ', q 2 )oo{^qe~ 2iz \ q 2 )oo, 

9i(z\r) = (? 2 ; q 2 )oo(qe 2iz ; q 2 )oo(,qe~ 2iz ] g 2 )oo- 



( 6 ) 

(7) 

(8) 
(9) 



When there is no confusion, we will use 9i(z) for 9i(z\r), 0' for 9[{z\t) to denote the 
partial derivative with respect to the variable z, and 9i for 0i(O|r), i = 1, 2, 3, 4. From the above 
equations, the following facts are obvious 



9[ = 2 qi jT(-l)"(2n + l)q n{n+1) = 2 qi (g 2 ; g 2 )L 

n = 0 
00 

02 = q* q n{n+1) = 2g3(g 2 ;g 2 )oo(-<? 2 ;g 2 )^o, 

n=— 00 
00 

03 = 9 n ~ = {q 2 -,q 2 )oo{q;q 2 )lo^ 

n =— 00 
00 

04 = (“ 1 ) n 9 n2 = O? 2 ; q 2 )oo{-q; q 2 )lo- 



( 10 ) 



n=— 00 



With respect to the (quasi) period n and nr, Jacobi theta functions 9 i: i = 1,2, 3, 4, satisfy 
the following relations 

0 i (z + 7r| t) = - 0 i(z|r ), 0i(2< + 7rr|r) = -q~ 1 e~ 2tz 9 1 (z\r), 

9 2 (z + tt|t) = -9 2 (z\t), 9 2 (z + ttt\t) = q~ 1 e~ 2lz 9 2 {z\T), 

9 3 (z + 7r| t) = 0 3 (^|r), 03(2; + ttt | t) = g _1 e _2l2 0 3 (2:|r), 

04(2: + 7 t|t) = 04(2:|t), 04(2: + 7tt|t) = -g _1 e _2 * z 04(2|r)., 



( 11 ) 
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and 



9i(z + 
03 0 + 



„ , 7 rr 

0 3("+T 

7TT + 7T 
2 

7TT + 7T 



l T ) 

k) 

k) 

k) 

k) 

k) 



Hz\t), 


02k +|| 


T ) = -0ikk), 


04 (z\r), 


04k + |l 


r) = 0 3 kk), 


iM6i(z\ 


r), 0 2 k + 


yk) = ^0 3 kk), 


M0 2 {z\i 


■), 04k + 


y k) = * M 0ikk), 


M6 3 (z\n 


■)> 62(2 + 


2 k) - iM0 4 (z\t), 


iM0i(z\ 


r), 0 4 (z + 


2 k) - M0 2 kk), 



(12) 



where M = q 4 / 4 e %z . 

The following trigonometric series expressions for the logarithmic derivative with respect 
to z of Jacobi Theta functions will be very useful in this paper, 



O' °°^ ~2n 

^(zk) =cotz + 4^ 2n sin2wz, 

1 n — 1 ’ 

/i/ oo 2 

-2( 2 |r) = - tan z + 4 ^ (~l) n x ^ U sin 2nz, 

n—1 ^ 

s\f oo 

-3(z|r)=4^(-ir-^sin2nz, 

yO/ OO Yl 

^(z|r)=4^ r ^-^sin2nz. 

n—l 1 9 



(13) 



One may prove the Jacobi imaginary transformation formulas of the the theta functions 
employing the Poisson summation formula [?, pp.7-11] 

Lemma 1.1. If z is complex, ^sz > 0, and \J—ir = 1 for r = i, then we have 

0i(^| - 

02 (rl “ 7 ) = V C ike i * 3/ ^0 4 (^k), 

0 3 (j| ' = V=ike- 2 /^03kk), (14) 

0 4 (*| _ = sf^e iz2 /^ T) 6 2 ( Z \T). 
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In particular, by setting z = 0 in above formulas we find that 



6[ ^ ^ = — ir\J — *t0((t) 

0 2 (-l) = V-ird^r) 

^ = V-ir9 2 (r) 



(15) 



04 = V-*T0 3 (t) 



Suppose that E^d 7 ”) is the normalized Eisenstein series of weight 2fc defined as 

4 k n 2k ~ 1 q 2n 






2 n 



1-9 

where i? 2 fc is Bernoulli numbers defined as the coefficients in the power series 

OO L. 

Z _ TD _ 

e z — 1 k k\ 



k-0 



And it is easy to show that I? 2 fc+i = 0 for k > 1, and the first few nonzero values of Bk are 
given by B 0 = 1,B\ = — = g, B 4 = — gg, B 6 = jg. Then near z = 0, g^(z\ r) has the 
Laurent expansion formula 



/!/ 

gWd = E(-i) 



k—0 



ozfe o 

(2fc)! 



E 2 k(T)z 



2k-l 



Let crfe(n) denote the sum of the Eth powers of divisors of n, namely, ak{n) = )T) d | n d fe . 
Then the first three Eisenstein series E 2 k are given by 



E , 



= 1 - 24 Ei 



nq 



2n 



-,2 n 



n—1 



— n 3 q 2n 



2 n 



E a = 1 + 240V — , 

ti 1 - q 



°° ri 5 n 2n 

E t = i-m'£- r rjs 



(16) 



Theorem 1.1. The sum of all the residues of an elliptic function in the period parallelo- 
gram is zero. 



§2. Main theorem and proofs 



Theorem 2.1. For x,y, 



°1 

04 



0 ) + 




9 A 

04 



(x + y) = 0203 



9i(x)9i(y)9 1 (x + y) 
0 4 (x) 0 4 (y) 04 (a; + y)' 



(17) 
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Proof. We consider the following function 

6±(z + x)6±(z + y)6±(z — x — y) 



/(*) = 



6l(z)9±(z) 



by the definition of 9i(z |r), we can readily verify that f(z) is an elliptic function with periods 
7 r and ttt. The only poles of f(z) are 0 and . Furthermore, is its simple pole and 0 is its 
pole with order two. By virtue of the residue theorem of elliptic functions, we have 



Res(f; — ) + Res{f\ 0) = 0. 



(18) 



And applying relation of 9\ and 64 in (12) and L’Hopital’ rules, we can obtain 

7 TT 

(*- T )/(z) 

(z - ^)9 4 (z + x)9 4 (z + y)04(z - X - y) 



Res(f-, - y)/(A> 



= lim 



9f(z)9 4 (z) 



{iB) 3 9 1 (x)9 1 (y)9 1 (x + y) 

04(¥)®?(¥) 

6*i(a:)6 l i(7/)6>i (x + y) 

emom 



(19) 



Next we compute Res(f; 0), 



Res(f; 0) = lim — (z 2 f(z)) 
2— >0 dz 



= li mz 2 /(z) 

z — ^0 



= lim z 2 f(z) 

z — >-0 



2 i/', , 

j + 7 

2 9 '4. . 0 '4. , 9' 4. 

Z + j\ z + x) + ^(z + y) + ^(z ~x-y) 



- 2 |w-|w 

9 4 (x) 9 4 (y) 9 4 (x + y) 

0i 2 (O)0 4 (O) 



- 4 / ■> , ^4 / \ @'4 r , \ 

^-(z) + 7-(?/) ~ t-(® + 2/) 



94 



94 



9 4 



(20) 



From theorem 1.1, substituting (19) and (20) into (18), by performing a little reduction we 
can complete the proof of theorem. 

Corollary 2.1. 



94 



/ (») - hr (*) = (*!) 



94 



, 2 9i{x + y )9 1 {x-y) 



9j(x)9l{y) 



Proof. We differentiate (17) with respect to y , and then set y = 0, then 



9\ 



9 a 



9\ 



TT (0) - hr (*) = (W 



94 



<( 

\0 4 (aO 



(21) 



(22) 



Now we combine with another elementary identity [7, p.467], 



0\{x)9\{y) - 9l(y)9\(x) = 9j9 1 {x + y)9 x {x - y). 



(23) 
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From (22) and (23), we can obtain 



f ) (y) - ( ? ) (*) = (0203) 



ro0iwv 


O0i(y)Vl 


A 04 0*0/ 


Wv)J J 



= (020 3 ) 



2 9j{x)9l(y) - 0f(y)6l(x) 



04 0*004 (J/) 



_ / fl /N2 0iO*(+jO0i(a(^y) 

1 lj el(x)ol( y ) • 

This completes the proof of corollary 2.1. 

Remark. The identity (21) is often written in terms of the Weierstrass elliptic and sigma 
functions as [7, p.451], 

. . , . <t(x + y)a(x — y) 

p(y) - p i = V \ ( y> . 

a z (x)a 2 (y) 

Theorem 2.2. (Ramanujan’s modular identity) 



00 ^5n+l 






~5n+2 



~5n+3 






5n+4 



n 



5n\5 



n — 0 



(1 - 5 5 ™) 

(^ — ^5n+lj2 ^ — g,5n+2^2 ^ — g,5n+3^2 (^ — q5n-\- 4^2 ^ -L -L 



(24) 



Proof. We recall (13) for ^-(x|r),tlien 



0' A 



7t) (z\ t ) = 8^cos2n^ = 4^ 



nq n{e 2in z + e ~2inzj 
1 — q 2n 



(25) 



in (21), we replace r by |r, and choose y = : ^ L and x = using the Jacobi triple product 
identities for the theta functions. We can see that 



7tt . 5t\ ( 3nr 5 r 



4 1 2 
7TT 5r 
~2~ '~2 



4 1 2 
, 5 r 



04 ( — |— ) 04 | — ) = -<7 4 0l( — |— ) 01 ( Kt\ — 



7 rr . 5r 



2 1 2 



, 5r 



0i Ur|- U-g-l n(l-9 5 ")(l-9") 



. 5r 



n— 1 
oo 



0i oi- =2 gg n( i -9 5 ") 3 . 



n=l 



(26) 



Then from (21), (25) and (26), we have 



00 q5n+l 






„5n+2 



^5n+3 



~5n+4 



n— 0 



_ g5n+l)2 ^ _ g5n+2)2 ^ _ g5n+3)2 ^ _ ^5n+4)2 



=At 









nq' 



,3n 



nq 



An 



^5 n 



n—1 



1 — g 5n 1 — q 5n 1 — q 



^5 n 



/ #4 V / 3wr 5t\ / 0A '/At 5r 



04/ V 4 1 2 



4 1 2 



= -(0i(O|y 



,/ ,5r\\ 2 0iH^)0i(^|f) 



0 4 2 (tI¥)01( 



37tt I 5t ^ 
4 I 2 / 



=4,n 



(1 - 5 5n ) 5 



1 - q n 
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This completes the proof of the theorem. 

From above procedure, we can rewrite theorem as 



(l)'(T'l) 




7 rr 5 t 

t'y 



4«n 



(1 - q 5n ) 5 
1 -q n 



From Jacobi imaginary transformation lemma 1.1, we have 




/ 





2 ir 

7T 



(27) 



(28) 



Then we have the following corollary: 

Corollary 2.2 



^ (5n + l)q 5n + 1 

° l _ 0 5n+l 

n = 0 y 



= n 



(1 - q n ) 5 
1 - q 5n 



(5n + 2)q 5n+2 (5n + 3)q 5n+3 t (5n + 4)g 5ra + 4 

1 — q5n+2 ]_ _ q5n+3 J _ g5n+4 



(29) 



Proof. We can replace r by — ^ in (27) and applying to (28), then (27) becomes 



V5 

4 



(l)'Yf )-(!)'( 



37t 2r 

TtrlT 



oo 4n \ r 

TT (1-9 6 ) 5 

11 l_ 0 4n > 



then replace r by Y it becomes 



75 

4 



V10 2/ V 0 2 J V 10 1 2 ) 



n 



(1 — q n ) 5 
1 - q 5n 



(30) 



From (13), we can obtain 



(z\t) = — sec 2 2 + ^ 



(— 1 ) n nq 2n cos 2 nz 
1 - q 2n 



(31) 



Next we can deduced (29) from (30) and (31) directly. 

Therefore, This complete the corollary 2.2. 

It should be remark that Bailey I 1 ! also derived (24) and (29) in a similar fashion. However 
the key difference between our approach is that he derived corollary 2.1 from 6 TO which is much 
less elementary than (17). Moreover by recasting these identities (27) and (30) in terms of 
theta function identity , we can easily discover and deduce other companion identities from the 
basic properties of the theta functions. 
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Corollary 2.3. 



E 

n — 0 



~5n+2 



~5n+3 



„5n+4 



— ^5n+l)2 ^ _ ^5n+2)2 ^ _ ^5n+3^2 Q _ ^5n+4)2 

oo 

= 9 n (! - 9 n )(! - g 2rl_1 ) 2 (l - g 5n ) 3 (l + 9 5n )2) 

n=l 

^ (5rz + l)g 5n+1 (5n + 2)g 5n+2 (5n + 3)g 5n+3 (5n + 4)g 5n+4 

/ -> 1 glOn+2 ^ glOn+4 ^ glOn+6 ]_ glOn+8 

oo 

= q n (! + 9 n )(! - ?”) 3 ( 1 - 9 5n ) 3 (! + 9 5 ") 3 - 

n—1 

Proof. We recall the identity (21), and replace x by x+ f and y by y+ then we obtain 



op' 

0 3 



I \ ' 



(y) - ( f 3 ) (*) = (0i) 



,. 2 0 1 (x + y)0 1 (x-y) 



°l(x) d Ky) 



Now replacing r by §t, and choosing y = ^ and x = we can deduce the corollary. 



§3. Implications for modular identity of Ramanujan 



Clearly, the identity (21) can generate unlimited number of similar identities. Since the 
proofs are identical and straightforward, we only list a few without providing the details of 
proofs here. 



^E 

n = 0 



q 



6n+l 



~6n+2 



~6n+ 4 



~6n+5 



_ g6n+l)2 (2. _ q6n+ 2)2 ^ _ ^6n+4)2 ^ — g6n+5)2 



= -(^(0|3r)) 2 

OO 

= 4 ,n 



|3r)6»| (7rr|3r 

(1 - g 6n ) 3 (l - g 3 ”) 3 

(1 - q 2n )(l - q n ) ’ 



(32) 






~6n+2 



2g' 



,6n+3 






,6n+4 



— ^ ^2. — g6n+2)2 



n— 0 



(2. — g6n+3)2 ^ — g6n+ 4^2 

= (!)<>> -(f)V) 



= -0 2 (O|3r)0 2 (O|3r) 



0i(^|3r) 



=vn 



0 4 (^|3r) 
(l-g 6n ) 6 (l + g 3n ) 6 



=! (i-g 2n ) 2 (i + <? n ) 5 



1 ^2 6 (0|f) 

4 0 2 (O|f) ’ 



(33) 
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„6n+ 1 



2 q 



,6n+3 



9 



,6n+ 5 



— j _ g6n+1^2 ^ — g6n+ 3)2 ^ _ g6n+5)2 



n — 0 



ft 



= ( f A ) (3^1^) - ( £ ) (°I 3t ) 



= -0 2 (O|3t)0 3 2 (O|3t) 



9\ ( 7 tt| 3 t) 
0 2 (7rr|3r ) 



(1 - g 6n ) 2 (l - q 2n f 



„2n-3\2 



n—1 



) 2 (i 






ry2n— 1 ^2 



(34) 



By acting the imaginary transformation on above three formulas (32), (33) and (34), we 
can obtain, respectively, 



1-3 



, (6ra + l)g 6n+1 2(6n + 3)q 6n+3 ( 6n + 5)q 6n+ 5 



/ -d \ _ a 6n+l 
n=0 H 



= q 



n 



\ — g6n+3 

(1 - q n ) 3 (l - q 2n f 
(1 - 9 3 ")(1 - q 6n ) ’ 



1 — g6«+5 



(35) 



!- 12 E 



(6n + l)q 6n+1 3(6n + 2)q 6n+2 4(6n + 3)q 6n+3 



n = 0 



\ _ q6n+l 



\ _ q6n+2 



2 — qGn+3 



3(6n + 4)g 6n+4 ( 6n + 5)q 6n+ 5 



]_ _ q6n+A 



\ _ g6n+5 



= 2 fj (l-g^l-g 2 "- 1 ) 6 
^ 11 (1 — q 3n ) 2 (l — g6n-3)2 

n—1 ^ tZ / V 'i / 

_ gl(ok) 

0 2 (O|3r)’ 



(36) 



(6n + l)g 6n+1 (6n + 2)q 6n+2 (6n + 4) 9 6n+4 (6n + 5)g 6n+5 

^ ~ 4 / y f-| _ „6n+l i „fin.4-2 i „firj.4-4 ^ i „fin.4-5 



n=0 



(l-g 1 



1 _ g6n+2 ^ — ^6n+4 



1 — q6n+5 



= q 



n 



{l - q in ) 2 {l - q n Y 
^ (1 + g 3 ”) 2 (l + q n y 

= ej ( 0 | t ^ 9 2 (o\ 3 t 



Theorem 3.1. In [6], Ewell derived the following identity in virtue of the quintuple 
product identiy 



0 3 (0| T ) 1 ( q 3n+l q3n+2 



= 1 -6E 



1 + q 3n+l l + q 3n+l \ > 



(38) 



M0|3t) 

to study the sums of three squares. The identity (36) is the Lambert series for the square of 
(38) 
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On the other hand, in [5], authors define 



%) = n ^ 

n — 1 V 



(1 - q n ) 3 



ry 3 n 



and 



C(q) = 3 qi I] 

n —1 



(1 - q 3n ) 3 

(i -q n 



to study some cubic modular identities of Ramanujan. It is interesting to observe that the 
identities (32) and (35) are the Lambert series for | c(q)c(q 2 ) and b{q)b{q 2 ) respectively. 



§4. Extension and generalization 

It is surprising that hidden with (32), (33) and (34) is the following beautiful modular 
identity of Ramanujan, 



V^(0|3r) ) \02(O|3t) y 



(39) 



To see this, we note that the identity (32) is exactly the difference of (33) and (34), therefore, 



^( 0 |f) / ^ 2 ( 0 ||) \ 4 V yy (1 — g 3ra ) 3 (l — g 6 ”) 3 
^(011 )^^ 2 ( 01^)^ ) (l-g")(l-g 2 ") 

Hence 



/ ^ 2 ( 0 |r ) \ 4 _ 1 fr (1 ~ g 3n ) 3 (l ^ g 6ra ) 3 (l - q n ) 2 { 1 + g ") 4 

V 02(O|^) ) q Jd (1 - g 3n ) 6 (l + g 3 ") 12 (l - q n )( 1 - q 2n ) 

_ 1 yj (1 - g 3n ) 3 (l - g 3n ) 3 (l + g 3n ) 3 (l - q n ) 2 { 1 + q n ) A 
~ q jd (1 _ g3n)6(]_ + g3n)12(l _ g n )( \ _ g«) (1 + g") 

i tt (1 + q n ) 3 

q„A ( 1 + q 3n ) 9 ' 

On the other hand, 



0 2 (O|r) 



Therefore, 



2 (0|9t)= 53 fq 



n——oo 

oo 



>+s) 2 _ „( 3«+|) 2 _ 



- £ « 



n =— oo 



(n+ 1) 2 _ ( 3 n+§) : 



= £ ("g^+i+l) 2 + g ( 3 — 1+D 2 d 

n =— oo ' ' 

OO / \ oo 

= ^ U ( 3 n " 5 )2 +g ( 3 n+ 5 )2 J =qi 53 9 9 ” 2 (? 3n + q~ 3n ) 

rt — — on ' ' n.— — on 



02 (O||) 

0 2 (O|3r) 




OO 



2 qi nd- 9 18n )( 1 + g 18rt_6 )(l + g 18 "- 12 ). 
n —1 

_ 0 3 (O||) — 02(O|3T) ^ _ 2 ^ —j- 1 -|- q 2n 

' “ q H (1 + g 6n ) 3 ' 



(41) 
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Clearly, the identity (39) now follows from (40) and (41). 

We note that if we apply the imaginary transformation to (39) , then we obtain 



04 (O}r) , 

0 4 (O|r) ' 



o 04(0137-) ' , 

0 4 (O|r) 



And using the familiar facts that 0 4 (O|r+l) = 03 (O|t), 0 3 (O| — y) = \/ ~it9z(Q\t) and 0 4 (O| 
\/— jt0 2 (O|t), it is easy to derive the general formula 



(42) 
*) = 



( 0i(0 \r) \ 3 _ 0f(O|3r) 

\0i(O|9r) ) df(0\9T) 

( M&r) 1 V_ f) 0j( 0|3r) 

^ 6Mt) ) 0f(0\ r) 



for i = 2, 3,4. (see a different proof of reference to [4,p.l43]. 

Finally we end this paper by extending this (17) and applying this generalization to derive 
a few well-known identities. 

The identity (17) together with the following identity [17, p.324] 



9i(y)9 4 (x)9 4 (x + y + z)9 4 (z) + 9 1 (x)9 1 (z)9 4 (y)9 4 (x + y + z) = 9 4 0 4 (x + z)9 1 {y + z)d 4 (x + y) 



can yields an identity which is an extension of (17), 

d A( x) + d A( v) + e A( z )_ d A( x + v + z) = (?) 0 i(s + y) 0 i(y + *) 0 i(s + y) 

8 4 { ) + e 4 {y) + e 4 U 9 4 { +V+ ’ 8 4 {x)8 4 {y)8 4 {z)9 4 {x + y + z)' 

We can see that this identity can re-derive many identities of Ramanujan. For example, if 
replacing r by ” r and setting x = ^ , y = -, z = 5 [[ r , then we get 



E 

n— 0 



7 lln+l 



7 lln+3 



7 lln+4 



7 lln+5 



g <r g q 

\ _ glln+l ^ — glln+3 J _ glln+4 ]_ _ gllri+5 



1 lln+6 



-lln+7 



-lln+8 



..llra+10 



= q 



n 

n = 0 



glln+6 ^ glln+7 ^ _ ^lln+8 ^ _ ^lln+10 

(1 - g lln " 2 )(l - g lln " 9 )(l - q lln ) 2 
(1 - gll"-l)(l - q lln ~ 5 ){ 1 - g 11 "" 6 )^ - q^- 10 ) ' 



Again, we applied the imaginary transformation to (17), then we have 



, e 2 r \ ^ _ n a 8 1 (x) 6 1 (y) 0 1 {x + y) 

7 T 1 + 7 r W — TT (* + 2 /) — 0304 a ( \a t \a t 1 7 ' 

6»2 9 2 9 2 9 2 {x)9 2 (y)9 2 {x + y) 



(43) 



In (17) and (43), replacing r by It and setting x = 7r r,y = 27rr, we can obtain, respectively, 



1„ 7r , ^2, - g 3n _ g 5n + g 9n + g lln _ g 13n 



r02(O|-)0 2 (O|-) = ^ 



n=l 



1-9 



14n 



and 



0 4 (O|T)0 4 (O|7r) = l-2^(-l) r 



.~2n „3n _i_ ~4n „5n „6n 

<7 — (7 + g — q — q 



1 - g 



7n 
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Both identities are known to Ramanujan in [3,p.302]. 
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§1. Introduction and preliminaries 

A. Csaszar I 1 ! has introduced and studied generalized open sets of a set A defined in terms of 
monotonic functions 7 : P(X) — > P(X). /z = {A C A/A C 7(A)} is called the family of 7-open 
sets which is closed under arbitrary union and cf> £ n, then /z is called a generalized topology. 
Let A be a non-empty set and /j be a collection of subsets of A. Then /i is called a generalized 
topology (briefly GT) on A iff cj> £ /z and G.j £ /z for i £ I ^ <fi implies G = U i& iGi £ /i. 
Generalized topological spaces are important generalizations of topological spaces and many 
results have been obtained by many topologist I 3 . 4 , 5, 11, 12] _ ^ generalized topology is said to be 
strong I 2 1 if A G /(. 

A space (A, ^t) is said to be quasi-topological space ^ , if /z is closed under finite intersection. 
The generalized closure of a subset S of A, denoted by c^S), is the intersection of generalized 
closed sets including S and the interior of S, denoted by is the union of generalized open 

sets contained in S. 

If n is a GT on A, A C A, x £ A, then x £ c M (A) iff x in M £ [i M fl A ^ (j> and 
<7. (A/A) = A/v(A). 

In this paper, We define a new class of sets called Aj-closed sets in generalized topological 
spaces and some of their properties are established. 

Definition 1.1. I 6 1 Let (A, \T) be a GTS and AC A, then A is said to be 

(1) n-semi open if AC c /i (f^(A)), 

(2) /j ,- pre open if AC i /i (c M (A)), 

(3) n-a open if AC i M (c M i M (A)), 

(4) /J.-/3 open if AC c M (i /i c^(A)). 

Let us denote <j(hx) (briefly ax or a) the class of all /z-semi open sets on A, by n (fix or ir) 
the class of all /z-pre open sets, by a(nx or a ) the class of all /z-a open sets, by (3(nx ° r P) tl 4e 
class of all /z-/3 open sets. 

Definition 1.2. I 9 1 Let (A, /z) be a GTS and A C A, then A is said to be fi- J-open if 
AC i #i (c 7r (A)). 
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The closure of a subset S of A , denoted by cj(A) is the intersection of generalized J-closed 
sets including S and the interior of S, denoted by is the union of generalized J-open sets 

contained in S. The set of all J-open sets is denoted by JO(X). The set all J-closed sets is 
denoted by JC{X). 

Theorem 1.1. Let (X, g) be a generalized topological space. Then 

(1) c#t (A) = A-i M (A-A), 

(2) i„(A) = A-c„(A-A). 

Definition 1.3. ^ Let(A, A) be a GTS and A C A', then A is said to be X a - J-closed if 
c a (A) C U whenever A C U and U £ JO{X). 

Lemma 1.1. I 7 1 Let (A,/r) be a quasi-topological space. Then c^AU-B) = c M (A) U c^B) 
for every subsets A and B of A. 



§2. J-Closed sets in generalized topological spaces 

Definition 2.1. A subset A of a space (A, A) is said to be gJA-closed if ca(A) C U 
whenever A C U and U £ JO( X). The complement of g JA-closed set is called an gJA-open 
set. 

Definition 2.2. A subset A of a space (A, A) is said to be JAg-closed if cj(A) C U 
whenever A C U and U £ JO( X). The complement of JAg-closed set is called an JAg-open 
set. 

Theorem 2.1. Let (A, A) be a GTS and A C A', then 

(i) Every closed set is g JA-closed, 

(ii) Every closed set is JAg-closed, 

(iii) Every J-closed set is JAg-closed, 

(iv) Every gJA-closed set is a Aq,- J- closed set, 

(v) Every JAg-closed set is a A a - J-closed set. 

Theorem 2.2. Let (A, A) be a quasi topological space and A C A. If A and B are 
gJA-closed subsets of A, then A U B is also a g JA-closed set. 

Proof. Suppose A and B are g JA-closed. Let U be a J-open set such that A U B C U. 
Since A and B are gJA-closed set, C\(A) C U and C\(B) C U and so c\(A) U C\(B) C U. 
Therefore C\(A U B) C U. 

Remark 2.1. The intersection of two g JA-closed sets is not a g JA-closed set. 

Example 2.1. Let A = {a, b, c} and A = {</>, {6}, A}. If A = {a, b} and B = { b , c} 
are g JA-closed sets, but AnB = {6} is not a gJA-closed set. 

Theorem 2.3. Let (A', A) be a GTS and A C A. Then A is JAg-closed if and only if 
F C cj(A) — A and F is J-closed implies that F = (f>. 

Proof. Let F be a subset of J-closed subset of cj(A) — A. Since A C X-F and A is 
JAg-closed set, cj(A)-A C X-F and so F C A -cj(A)-A. Therefore F = <j>. 

Conversely, U is a J-open set such that A C U. If cj(A) not a subset in U , then cj(A) (~| 
(A — U) is a non-empty J-closed subset of cj(A) — A, which is a contradiction. Therefore, 
cj(A) C U , which implies that A is JAg-closed set. 
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Theorem 2.4. Let (X, A) be a GTS. Let A and B be subsets of X. If A c B c cj(A) 
and A is JAg-closed, then B is JAg-closed. 

Proof. If F is J-closed such that F C cj(B) — B, therefore by hypothesis, F C cj(A) — A. 
Since A is JAg-closed, by theorem 2.3, F = <j> and so B is JAg-closecl. 

Theorem 2.5. Let (X, A) be a GTS. Let A C X be a <?JA-closed set of X, then cj(A)/A 
does not contain any non-empty J-closed set. 

Proof. Let F be a J-closed set of X such that F C cj(A)/A. Then F C X/A and 
hence A C X/F £ JO(X). Since A is gJA-closed cj(A ) C X/F and hence F C X/cj(A). So 
F c X/cj(A) n (X/ cj(A)) = </>. 

Theorem 2.6. Let (X', A) be a GTS. Let A C X is gJA-open iff F C i\(A) whenever F 
is a J-closed set such that F C (X). 

Proof. Let A be a gJA-open set of X and F be a J-closed set such that F C [A). Then 
X/A is a gJA-closed set and X/A C X/F £ JO{X). So C\(X/A) = X/i\(A) C X/F, thus 
FCi x (A). 

Conversely, let F C i\(A), whenever F is J-closed such that F C A. Let X/A C U where 
U £ JO(X). Then X/U C A and X/U is J-closed. By the assumption, X/U C i\{A) and 
hence c\(X/A) = X/i\(A) C U. Hence X/A is gJ A-closed and hence A is gJA-open. 

Theorem 2.7. Let (X, A) be a GTS. If A is a gJA-closed subset of X', then c\{A)/A is 
gJA-closed. 

Proof. Let A be a gJA-closed subset of (X, A). Let F be a J-closed set such that 
F C c\{A)/A, so by theorem 2.5, F = <j> and thus F C i\(c\{A)/A). So by theorem 2.6, 
c\(A)/A is gJA-closed. 



§3. Aj-Closed sets in generalized topological spaces 

Definition 3.1. A subset A of Xij = U{B/B £ J} of a space (X, A) is said to be Aj-closed 
if cj(A) ft A ij C U whenever A C U and U £ JO(X). The complement of Aj-closed set is 
called an Aj-open set. 

Theorem 3.1. Let X ba a non-empty set and A be the generalized topology on X and 
1CX. Then the following properties hold: 

(i) (X — Mj) is a J-closed set contained in every J-closed set, 

(ii) cj{A n Mj) n Mj= cj{A) nMj, 

(iii) If A is J-closed, then cj(A n Mj) D Mj = A ft Mj, 

(iv) cj{A) = (cj(A) n Mj) U (X - Mj), 

(v) If A is J-closed, then l = (Afl Mj) U (X — Mj). 

Proof. 

(i) If G is J-open, then G C Mj. 

(ii) We know that cj(AnMj)r\Mj C cj(A)nMj. Let x £ cj(A)C\Mj. Then x £ cj(A) 
and x £ Mj. Now x £ cj(A) implies that G D A (/ <f> for every J-open set G containing x and 
so G fl {A fl M j) (/ for every J-open set G containing x. Therefore, x £ cj(A) D Mj, and so 
x £ cj(A ) n Mj fl Mj. Hence cj{A) n M j C cj(A n M j) fl Mj. 
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(iii) A is J-closed i.e. cj(A) = A. From (ii), we have cj(An Adj) fl A ij = cj(A) DAI ,7 = 
A n Mj. 

(iv) cj(A ) = cj(A)nX = cj(A)n(MjU(X-Mj)) = cj(A)n(Adj)Ucj(A)n(X-Adj) = 
cj(A)n(Mj)U(X-Mj). 

(v) Since A is J-closed, from (ii) we have, cj(A ) = ( c-j(A ) fl Adj) U(X — Mj) i.e. A = 
(An Ad . 7 ) U(X-Mj). 

Theorem 3.2. Let (X, A) be a GTS and A C A', then the following properties hold: 

(i) If A is J-closed subset of X, then A n Ad j is Aj-closed set, 

(ii) cj(A ) n Ad ,7 is a Aj-closed set for every subset A of X. 

Proof. 

(i) Let A n Adj C U and U be J-open. Since cj(A n Ad j) n Ad j = cj(A) n Ad j, we have 
cj(A n Mj) n Mj = A n Ad ,7 C u and so A n Ad ,7 is Aj-closed set. 

(ii) it follows from (i). 

Theorem 3.3. Let (A', A) be a GTS. Then a subset A of Mj is Aj-closed if and only if 
F c cj(A) — A and F is A- J-closed implies that F = X — Mj. 

Proof. Let F be a J-closed subset of cj(A) — A. Since A c X — F and A is Aj-closed 
set, cj(A) n Ad j CX-F and so F C X — (cj(A) n Ad j) = (A — cj(A)) U (X — Ad j). Since 
F C cj(A), we have F C (X — Mj). Therefore F = X — Adj. 

Conversely, Let A C U and U £ J. Suppose ( cj(A ) n Adj) n (A' — U) is a non empty 
subset. Then (cj(A) n Adj) n (X — U) C (cj(A) n (X — U)c cj(A) n (A' — A) c cj(A) n A. 
Thus (cj(A) n Adj) n (A' — U) is a non empty J-closed set contained in cj(A) n A. Therefore, 
(cj(A) n Adj) 0 (X — U) = <j>, which is a contradiction. Therefore, (cj(A) fl Adj) C U which 
implies A is a Aj-closed set. 

Theorem 3.4. Let (X, A) be a GTS. Then a Aj-closed subset A of Adj is a J-closed set, 
if cj(A) — A is a J-closed set. 

Proof. cj(A ) — A = X — M = 4>. Then cj(A) = A U (X — Ad). Therefore A is a J-closed 

set. 

Theorem 3.5. Let (X, A) be a quasi topological space and A C X. If A and B are 
Aj-closed subsets of X, then A U B is also a Aj-closed set. 

Example 3.1. Let X = {a, b, c} and A = {</>, {a}, { 6 }, {a, 6 }, {a,c}, {b,c}, X}. Then 
A is a generalized topology but not a quasi topology. A = {a} and B = { 6 } are Aj-closed sets, 
but A U B = {a, b} is not a Aj-closed set. 

Example 3.2. Consider the topological space (X, r) where X = {a, 6, c} and A = 
{<!>, {&}, X}. If A = {a, b} and B = {6, c} are Aj-closed sets, but A fl B = {b} is not a 
A j-closed set. 

Theorem 3.6. Let (X, A) be a GTS. If A is Aj-closed subset of Adj and B is J-closed, 
then A n B is a Aj-closed set. 

Proof. Suppose A D B C U where U is J-open, then A C (U U (X — B)). Since A is 
Aj-closed, cj(A) n Adj C (U U (X — B)) and so cj(A) nBn Adj) = (cj(A) Ucj(S)) fl Ad j C U, 
which implies that (cj(A U B )) fl Ad C U and so A fl B is a Aj-closed set. 

Definition 3.2. A subset A of M in a space (X, A) is said to be Aj-open if Adj — A is 
A j-closed. 
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Theorem 3.7. Let ( X , A) be a GTS. Let A C Mj is Aj-open if and only if F ft Mj C 
ij(A) whenever F is J-closed and F (1 Mj C A. 

Proof. Let A be a Aj-open subset of Mj and F be a J-closed subset of X such that 
F D Mj C A. Then Mj — AC Mj — (F n Mj) = Mj — F. Since Mj — F is J-open and 
Mj — A is Aj-closed, cj(Mj - A) n Mj C Mj — F and so F C Mj — ( cj(Mj — A) D Mj) = 
Mj D ( Mj — cj(Mj — A)) = ij(A) n M j = ij(A), which implies F n Mj C A. 

Conversely, Let A be a subset of Mj and F be a J-closed set such that F D M j C A. 
By hypothesis, F (1 Mj C ij(A) which implies that Mj — ij(A) C Mj — (F n Mj) and so 
cj{Mj — A) C M j — F. Then cj(Mj — A) n Mj C ( Mj — F)nMj = Mj — F which implies 
that M j — A is Aj-closed and so A is Aj-open. 

Theorem 3.8. Let ( X , A) be a GTS. Let A C Mj is Aj-open if and only if U = Mj 
whenever U is J-open and ij(A) U (Mj — A) C U . 

Proof. Suppose A is Aj-open and M is J-open such that ij(A) U {Mj — A) C U. Then 
Mj — U C (Mj - ij(A) n A) = cj(Mj — A) n A = cj(Mj - A) — (Mj - A) and so 
(Mj — U) U (X — Mj) C cj(Mj — A) fl A, by theorem 3.3, (Mj — U) U (X — Mj) and so 
(Mj — U) = (j) which implies Mj = U. 

Conversely, Let F be a J-closed set such that F fl Mj C A. Since ij(A) U (Mj — A) C 
ij(A ) U (Mj — F) U (Mj - Mj) = ij(A) U (M j - F) and ij(A) U (M j - F) is J-open, 
by hypothesis, Mj = ij(A) U (Mj — F) and so F fl Mj C (ij(A) U (Mj — F) fl F) = 
(ij(A) nf)U (Mj — F n F) = ij(A) flFC ij(A). By definition 3.2, A is Aj-open. 

Theorem 3.9. Let (X, A) be a GTS. Let A and B be subsets of M j. If ij(A) C B C A 
and A is Aj-open, then B is Aj-open. 

Theorem 3.10. Let (A', A) be a GTS. Let A C Mj is Aj-closed if and only (cj(A) — 
A) fl Mj is Aj-open. 

Proof. Suppose (cj(A) — A) n Mj is Aj-open. Let A C U and U is J-open, since 
(cj(A) n (Mj -U) C (cj(A) n (Mj -A) = (cj(A) -A)n Mj. (cj(A) - A) n Mj is Aj-open 
and (cj(A)n(Mj — A) is J-closed, by theorem 3.7, (cj(A)C\(Mj — U) C ij((cj(A) — A)CMj) C 
ij{cj(A) n ij(Mj - A)) C ij(cj(A) n ij(X - A)) = ij(cj(A)) n (X - cj(A)) = <j>. Therefore 
cj(A) fl M j C U which implies that A is Aj-closed. 

Conversely, suppose A is Aj-closed and F n Mj C (cj(A) — A) AMj where F is J-closed. 
Then F C (cj(A) — A) and by theorem 3.3, F = X — Mj and so cj> = (X — Mj) fl Mj = 
F D Mj C (cj(A) — A) C Mj which implies that F fl M j C ij(cj(A) — A) fl Mj). Therefore, 
cj(A) — A is Aj-open. 
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§1. Introduction and preliminaries 

Let A denote the class of functions / of the form 

OO 

f(z) = Z+^2 a n Z n (1) 

n= 2 

in the open unit disc E = {z : \z\ < \} . Let S be the subclass of A consisting of univalent 
functions. For any two analytic functions g and h respectively with their expansions as 
g(z) = Y^k = o a kZ k an d h( z ) = SfcLo bkZ k , the Hadamard product or convolution of g(z) and 
h(z) is defined as the power series 

OO 

{g * h)(z) =^2a k b k z k . (2) 

k= 0 

The Hankel determinant of / for q > 1 and n > 1 was defined by Pommerenke I 19,20 ! as 

^n+ 1 ‘ ‘ * ^n+q— 1 

&n+ 1 &n+ 2 ‘ * * 

H q (n) =..... (3) 

ttn+q— 1 ^n+q ’ ’ ’ O j n+2q—2 
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This determinant has been considered by many authors in the literature [15]. For example, Noor 
t 16 l determined the rate of growth of H q (n) as n — > oo for the functions in S with bounded 
boundary. Ehrenborg studied the Hankel determinant of exponential polynomials. The 
Hankel transform of an integer sequence and some of its properties were discussed by Layman 
in [11]. One can easily observe that the Fekete-Szego functional is .£0(1)- Fekete-Szego then 
further generalized the estimate |a3 — | with p real and / £ S. Ali I 2 1 found sharp bounds on 

the first four coefficients and sharp estimate for the Fekete-Szego functional I73 — fyf |, where t 
is real, for the inverse function of / defined as = u>+J2^= 2 7 n wU to the class of strongly 

starlike functions of order a (0 < a < 1) denoted by ST(a). For our discussion in this paper, 
we consider the Hankel determinant in the case of q = 2 and n = 2, known as second Hankel 
determinant 

«2 «3 

03 04 

Janteng, Halim and Darus I 10 ! have considered the functional \a2a4 — a§| and found a sharp 
bound for the function / in the subclass RT of S, consisting of functions whose derivative has 
a positive real part studied by Mac Gregor I 12 ! . In their work, they have shown that if / £ RT 
then 1 0,204 — o§ | < |. The same authors I 9 1 also obtained the second Hankel determinant and 
sharp bounds for the familiar subclasses of S, namely, starlike and convex functions denoted 
by ST and CV, shown that ^04 — a§ | <1 and \a2CL4 — o|| < | respectively. Mishra and 
Gochhayat I 13 ! obtained the sharp bound to the non- linear functional |o204 — a§ | for the class 
of analytic functions denoted by R\(a, p )(0 < p < 1, 0 < A < 1, |a| < f ), by making use of the 
fractional differential operator due to Owa and Srivastava I 17 ). They have shown that, if / £ 
R\(a,p) then |a 2 a4 — a§| < 1 (2-AH3-A) cos Similarly, the same coefficient inequality 
was calculated for certain subclasses of analytic functions by many authors ([1], [3], [14]). 

Motivated by the above mentioned results obtained by different authors in this direction, 
in this paper, we consider certain subclass of analytic functions and obtain an upper bound to 
the functional |a204 — a§| for the function / belonging to this class, defined as follows. 



= 0,204 - o 3 . 



(4) 



§2. Definitions and lemmas 

Definition 2.1. A function f(z) £ A is said to be starlike function with respect to 
symmetric points, if it satisfies the condition 

Re {f {*)-/(-*)} >0 ’ VZGE ' (5) 

The set of all such functions is denoted by ST s , introduced and studied by Sakaguchi I 25 l. 
Further, he has shown that the functions in ST s are close-to-convex and hence are univalent. 
The concept of starlike functions with respect to symmetric points have been extended to star- 
like functions with respect to TV-symmetric points by Ratanchand I 24 l and Prithvipalsingh t 21 l. 
Ramreddy I 22 l studied the class of close-to-convex functions with respect to TV-symmetric points 
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and proved that this class is closed under convolution with convex univalent functions. 



Definition 2.2. A function f(z) £ A is said to be convex function with respect to 
symmetric points, if it satisfies the condition, 

2 {zf'(z)}' 



Re 



> o, \/ze e. 



(6) 



Definition 2.3. A function f(z) £ A is said to be in the class STCV s (P)(0 < /3 < 1), if 
it satisfy the condition 

2{zf'(z)+pz 2 f"(z)} 



Re 



(1 - p) {f(z) - f(-z)} + P {zf'(z) + zf’(-z)} 



> 0 ,Vz £ E. 



( 7 ) 



It is observed that for P = 0 and p = 1 , we obtain STCV a (0) = ST s and STCV s (l) = CV S 
respectively. 

We first state some preliminary lemmas required for proving our result. Let P denote the 
class of functions p analytic in E for which 3?{p(2)} > 0, 



p(z) = (1 + CiZ + c 2 z 2 + c 3 z 3 + ...) = 



i + E 



c n z 



,WzeE. 



(8) 



Lemma 2.1. I 18, 26 1 If p £ P, then |cfc| < 2, for each k > 1. 

Lemma 2.2. I 7 1 The power series for p given in (8) converges in the unit disc £ to a 
function in P if and only if the Toeplitz determinants 



D n = 



2 
c-i 



Cl 

2 



C2 

Cl 



Cn 

Cn— 1 



C— n C_ n _|_i C_ n _|_2 



,n = 1,2,3, 



and C-k = Cfc, are all non-negative. These are strictly positive except for p{z) = X^fcLi PkPo(^l'i(itk) z) , 
Pk > 0, tfc real and ^ tj, for k ^ j: in this case D n > 0 for n < (m — 1) and D n = 0 for 
n > m. This necessary and sufficient condition is due to Caratheodory and and Toeplitz, can 
be found in [7]. We may assume without restriction that ci > 0. On using lemma 2.2, for n = 2 
and n = 3 respectively, we get 



Do = 



2 ci c 2 

ci 2 ci 

c 2 ci 2 



= [8 + 2 Re{clc 2 } - 2 | c 2 | 2 - 4c?] > 0, 



is equivalent to 



+ x(4 


~ci 


)}, 


for 


some 




2 


Cl 


C2 


C3 


d 3 = 


Cl 


2 


Cl 


C2 


c 2 


Cl 


2 


Cl 




C3 


C2 


Cl 


2 



(9) 
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Then Z) 3 > 0 is equivalent to 

|(4c 3 - 4cic 2 + c?) (4 - Ci) + Ci(2c 2 - cl)' 2 \ < 2(4 - c 2 ) 2 - 2| (2 c 2 - cf ) | 2 . 

From the relations (9) and (10), after simplifying, we get 

4c 3 = {cj + 2ci(4 - c\)x - ci (4 - c\)x 2 + 2(4 - cf)(l - |a;| 2 ) 2 :}, 

for some real value of z with \z\ < 1. 

Theorem 2.1. If f(z) = z + a n z n £ STCV s ([i)(0 < (3 < 1) then 



(10) 



I a 2 a 4 ~ al\ < 



1 



(1 + 2 13)\ ' 



Proof. Let f(z) = z+J2n =2 a nZ n £ STCV s (/3 ), from the definition 1.3, there exists an analytic 
function p £ P in the unit disc E with p(0) = 1 and $l{p(z)} > 0 such that 



2 {zf(z) + l3z 2 f"(z)} 



= p{z) 



(1-/3) {/(*) - f(-z) } + p{zf(z) + zf{-z)}_ 

^2 {zf(z)+(3z 2 f"(z)} = [(1- f(-z)}+/3{zf'(z) + zf(-z)})p(z). (11) 

Replacing f(z), f'{z ), f"(z) and p(z) with their equivalent series expressions in (12), we have 

( OO ^ ( OO 

z < 1 + 53 ?za n z n_1 > + pz 2 < 53 n(n — 1 )a n z r ‘ 



< n = 2 
00 



( 1 -/ 3 ) 



53 - \~ z + 53 a «(~~) r 



i + E' 



P\ Z [ 1 + J2 na n zn 1 ] + 2 ( 1 + 53 na ™(~ Z ) n 1 

l V n—2 ) \ n=2 / 

Upon simplification, we obtain 

[(1 + 2(1 + /3)a 2 z + 3(1 + 2/?)a 3 z 2 + 4(1 + 3/3)a4 z 3 + •••)] 

= [(1 + C12 + {c 2 + (1 + 2/3)a 3 } z 2 + {c 3 + (1 + 2/3)cia 3 } 2 3 + • • • ]. (12) 

Equating the coefficients of like powers of z, z 2 and z 3 respectively in (13), we have 

{2(1 + /3)a 2 = Ci; 3(1 + 2/3 )a 3 = {c 2 + (1 + 2/3)a 3 } ; 4(1 + 3/3)ci4 = {c 3 + (1 + 2/3)ci a 3 .} 
After simplifying, we get 

{ “ 2 = ^d^ ; “ 3 = UTW ; “ 4 = UTw) (2c3 + ClC2) ' } (13) 

Considering the second Hankel functional |a 2 a4 — a§ | for the function / £ STCV s (/3 ) and 
substituting the values of a 2 ,a 3 and 04 from the relation (14), we have 

Cl 



|a 2 04 — a 3 | — 



2(1 + /?) 8(1 + 3/3) 



1 c; 

(2c 3 + cic 2 ) - 



4(1 + 2/3) 2 



(14) 
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Upon simplification, we obtain 

|a 2 a 4 — a§| = _|_ 2/3) 2 (l + 3/3) X | 2(1 + 2/3) 2 cic 3 + (1 + 2/3) 2 CiC 2 — 4(1 + /?)(! + 3/3)cf|. 



The above expression is equivalent to 



1 



|a 2 a4 — a 3 | — 



16(1 + /3)(l + 2/3) 2 (l + 3/3) 



x |dicic 3 + d 2 c\c 2 + d 3 c 2 | . 



(15) 



Where 



{rfi = 2(1 + 2/3) 2 ; d 2 = { 1 + 2/3) 2 ; d 3 = -4(1 + /3)(1 + 3/3).} (16) 

Substituting the values of c 2 and c 3 from (9) and (11) respectively from lemma 1.2 in the right 
hand side of (16), we have 



|dicic 3 + d 2 c\c 2 + d 3 c\\ = \d\C\ x -{cl + 2ci(4 — cf)x — ci(4 — c\)x 2 + 2(4 — c 2 )(l — \x\ 2 )z}+ 

d 2 c\ x cl + x(4 - c()} + d 3 x cl + x(4 - cf)} 2 |. 

Using the facts \z\ < 1 and \xa + yb\ < |x||o| + |j/||6|, where x, y, a and b are real numbers, 
after simplifying, we get 



4|dicic 3 + d 2 c\c 2 + d 3 c 2 | < |(di + 2 d 2 + d 3 )c\ + 2diCi(4 - c 2 ) + 2(di + d 2 + d 3 )c 2 (4 - c 2 )|x| 

- {(di + d 3 )c\ + 2dici - 4d 3 } (4 - c 2 )|x| 2 |. (17) 

Using the values of di, d 2 , d 3 and 0^4 from the relation (17), upon simplification, we obtain 

{(di + 2 d 2 + d 3 ) = 4/3 2 ; di = 2(1 + 2/3) 2 ; (di + d 2 + d 3 ) = —(1 + 4/3).} (18) 

{(di + d 3 )c 2 + 2dici — 4d 3 } = 2 { — (2/3 2 + 4/3 + l)c 2 + 2(1 + 2/3) 2 ci + 8(1 + /3)(1 + 3/3).} 

(19) 

Consider 



{ — (2/3 2 + 4/3 + l)c 2 + 2(1 + 2/3) 2 ci + 8(1 + /3) ( 1 + 3/3)} 



= (2/3 2 + 4/3 + 1) x 



2 2(1 + 2/3 ) 2 8(1 + /3)(1 + 3/3) 

Cl (2/3 2 + 4/3 + 1) Cl (2/3 2 +4/3+1) 



= — (2/3 2 + 4/3 + 1) x 




(1 + 2/3 ) 2 } 

(2/3 2 + 4/3+1) J 



(1 + 2/3 ) 4 
(2/3 2 + 4/3 + l ) 2 



8(1 + /3)(1 + 3/3) 
(2/3 2 + 4/3+1) 



Upon simplification, the above expression reduces to 



(1 + 2/3 ) 2 } 2 j v/64/3 4 + 192/3 3 + 192/3 2 + 72/3 + 9 

(2/3 2 +4/3 + 1) J ~ } (2/3 2 + 4/3+1) 



(2/3 2 +4/3+1) x 
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{ — (2/3 2 + 4 f3 + l)c 2 + 2(1 + 2(3) 2 ci + 8(1 + /?)(1 + 3/?)} 

= (2/3 2 + 4/3 + l)x 

f (1 + 2/3) 2 W64/3 4 + 192 /3 3 + 192/3 2 + 72/3 + 9 1 

_Cl + | (2/3 2 + 4/3 + 1) + (2/3 2 +4/3+1) f 

(20) 

Since Ci £ [0, 2], using the result (— Ci + a)(ci + b) > (— C\ — a)(— Ci — b ), provided a>b , where 
a, 6 > 0 in the right hand side of the relation (21), upon simplification, we obtain 

{ — (2/3 2 + 4/3 + l)c 2 + 2(1 + 2 /?) 2 ci + 8(1 + /3)(1 + 3/3)} 

> { — (2/3 2 + 4/3 + l)cf - 2(1 + 2/3 ) 2 ci + 8(1 + /3)(1 + 3/3)} . (21) 

From the relations (20) and (22), we have 
- {(di + d 3 )c\ + 2d\Ci - 4 d 3 } 

< -2 { — (2/3 2 + 4/3 + l)c? - 2(1 + 2/3 ) 2 ci + 8(1 + /3)(1 + 3/3)} . (22) 

Substituting the calculated values from (19) and (23) in the right hand side of (18), we obtain 

4|dicic 3 + d 2 c\c 2 + d 3 c 2 1 < 1 4/3 2 cf + 4(1 + 2/3) 2 c 3 (4 - c 2 ) - 2(1 + 4/3)c 2 (4 - c 2 )|:r| 

- 2 { — (2/3 2 + 4/3 + l)c 2 - 2(1 + 2/3 ) 2 ci + 8(1 + /3)(1 + 3/3)} (4 - c\)\x\ 2 \. 

Choosing c 3 =c £ [0,2], applying triangle inequality and replacing x \ by // in the right hand 
side of the above inequality, we get 

4|diCiC 3 + d 2 c\c 2 + <Z 3 c 2 | < [4/3 2 c 4 + 4(1 + 2/3) 2 c(4 - c 2 ) + 2(1 + 4/3)c 2 (4 - c 2 )/r 
+ 2 { — (2/3 2 + 4/3 + l)c 2 - 2(1 + 2/3 ) 2 c + 8(1 + /3)(1 + 3/3)} (4 - c 2 )p 2 ] 

= F(c,fj,), for 0 < // = |a:| < 1. (23) 



Cl + 



4(1 + 2/3) 2 v/64/3 4 + 192/3 3 + 192/3 2 + 72/3 +9 



(2/3 2 + 4/3+1) 



(2/3 2 + 4/3 + 1) 



Where 

F(c, n) = [4/3 2 c 4 + 4(1 + 2/3) 2 c(4 - c 2 ) + 2(1 + 4/3)c 2 (4 - c 2 )^ 

+ 2 { — (2/3 2 + 4/3 + l)c 2 - 2(1 + 2/3) 2 c + 8(1 + /3)(1 + 3/3)} (4 - c 2 )/r 2 ]. (24) 

We next maximize the function F(c, fi) on the closed square [0, 2] x [0, 1]. Differentiating F(c, n) 

in (25) partially with respect to /r, we get 

r)F 

^ = [ 2( 1 + 4 ^ 2 

+ 4 { — (2/3 2 + 4/3 + l)c 2 — 2(1 + 2/3) 2 c + 8(1 + /3)(1 + 3/3)} p] x (4-c 2 ). (25) 

For 0 < n < 1, for fixed c with 0 < c < 2 and 0 < /3 < 1, from (26), we observe that jF > 0. 

Therefore, F{c, f) is an increasing function of n so that it cannot have a maximum value in the 
interior of the closed square [0, 2] x [0, 1]. Moreover, for fixed c £ [0, 2], we have 

max F(c, /i) = F{c, 1) = G(c). (26) 

0<m<1 
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Therefore, replacing /r by 1 in (25), upon simplification, we obtain 

G(c) = { 8/3 2 c 4 - 16(4/3 2 + 4/3 + l)c 2 + 64(1 + /3)( 1 + 3/3)} . (27) 

G'(c) = {32/3 2 c 3 - 32(4/3 2 + 4/3+ l)c} = 32c {(c 2 - 4)/3 2 - 4/3 - 1)} . (28) 

From the expression (29), we observe that G'(c) < 0, for 0 < /3 < 1 and 0 < c < 2. Hence, G(c) 
is a monotonically decreasing function of c in the interval [0, 2], whose maximum value occurs 
at c = 0. From (28), we obtain 

Gmax = G(0) = 64(1 + /3) (1 + 3/3) . (29) 



From the relations (18) and (30), after simplifying, we get 

|dicic 3 + d 2 c 2 c 2 + c? 3 c| | < 16(1 + /3)(1 + 3/3). (30) 



From the expressions (16) and (31), upon simplification, we obtain 



|a 2 a 4 - a 2 1 < 



1 

(1 + 2/3) 2 _ ' 



(31) 



This completes the proof of our theorem. 

Proposition 2.1. Choosing /3 = 0, from (32), we obtain |a 2 a 4 — a§| < 1. 

Proposition 2.2. For the choice of /3 = 1, from (32), we get |a 2 a 4 — a.§ | < |. Both the 
results coincide with those of Ramreddy and Vamshee Krishna l 23 l . 

Proposition 2.3. For f(z) = z + 2 a nZ n € ST, we have |a 2 a 4 — a§| < 1. Therefore, 

we conclude that the upper bound to the second Hanel determinant of starlike function and a 
starlike function with respect to symmetric points is the same. 



References 

[1] Afaf Abubaker and M. Darus, Hankel determinant for a class of analytic functions 
involving a generalized linear differential operator, Int. J. Pure Appl. Math., 69(2011), No. 4, 
429-435. 

[2] R. M. Ali, Coefficients of the inverse of strongly starlike functions, Bull. Malays. Math. 
Sci. Soc., (second series), 26(2003), 63-71. 

[3] O. Al- Refai and M. Darus, Second Hankel determinant for a class of analytic functions 
defined by a fractional operator, European J. Sci. Res., 28(2009), No. 2, 234-241. 

[4] R. N. Das and Prithvipal Singh, On a subclass of schlicht mappings. Ind. J. Pure Appl. 
Math., 8(1977), 864-872. 

[5] R. Ehrenborg, The Hankel determinant of exponential polynomials, Amer. Math. 
Monthly., 107(2000), No. 6, 557-560. 

[6] A. W. Goodman, Univalent functions Vol. I and Vol. II, Mariner publishing Comp. 
Inc., Tampa, Florida, 1983. 

[7] U. Grenander and G. Szego, Toeplitz forms and their applications, Second edition. 
Chelsea Publishing Co., New York, 1984. 



98 



D. Vamshee Krishna and T. Ramreddy 



No. 4 



[8] A. Janteng, S. A. Halim and M. Dams, Estimate on the Second Hankel Functional for 
Functions whose derivative has a positive real part, J. Qual. Meas. Anal.,(JQMA), 4(2008), 
No. 1, 189-195. 

[9] A. Janteng, S. A. Halim and M. Darus, Hankel determinant for starlike and convex 
functions, Int. J. Math. Anal., 1(2007), No. 13, 619-625. 

[10] A. Janteng, S. A. Halim and M. Darus, Coefficient inequality for a function whose 
derivative has a positive real part, J. Inequal. Pure Appl. Math., 7(2006), No. 2, 1-5. 

[11] J. W. Layman, The Hankel transform and some of its properties, J. Integer Seq., 
4(2001), No. 1, 1-11. 

[12] T. H. Mac Gregor, Functions whose derivative have a positive real part, Trans. Amer. 
Math. Soc., 104(1962), No. 31, 532-537. 

[13] A. K. Mishra and P. Gochhayat, Second Hankel determinant for a class of Analytic 
Functions Defined by Fractional Derivative, Int. J. Math. Math. Sci., Article ID 153280, 
(2008), 1-10. 

[14] G. Murugusundaramoorthy and N. Magesh, Coefficient inequalities for certain classes 
of analytic functions associated with Hankel determinant, Bull Math Anal. Appl., 1(2009), No. 
3, 85-89. 

[15] J. W. Noonan and D. K. Thomas, On the second Hankel determinant of a really mean 
p- Valent functions, Trans. Amer. Math. Soc., 223(1976), No. 2, 337-346. 

[16] K. I. Noor, Hankel determinant problem for the class of functions with bounded bound- 
ary rotation, Rev. Roum. Math. Pures Et Appl., 28(1983), No. 8, 731-739. 

[17] S. Owa and H. M. Srivastava, Univalent and starlike generalised hypergeometric func- 
tions, Canad. J. Math., 39(1987), No. 5, 1057-1077. 

[18] Ch. Pommerenke, Univalent functions, Vandenhoeck and Ruprecht, Gottingen, (1975). 

[19] Ch. Pommerenke, On the Hankel determinants of univalent functions, Mathematica, 
(1967), 108-112. 

[20] Ch. Pommerenke, On the coefficients and Hankel determinants of univalent functions, 
J. London Math. Soc., (1966), 111-122. 

[21] Prithvipalsingh, A study of some subclasses of analytic functions in the unit disc, Ph. 
D Thesis (1979). 

[22] T. Ramreddy, A study of certain subclasses of univalent analytic functions, Ph. D 
Thesis (1983). 

[23] T. Ramreddy and D. Vamshee krishna, Hankel determinant for starlike and convex 
functions with respect to symmetric points, J. Ind. Math. Soc., 79(2012), 161-171. 

[24] Ratanchand, Some aspects of functions analytic in the unit disc, Ph. D Thesis (1978). 

[25] K. Sakaguchi, On a certain univalent mapping, J. Math. Soc. Japan, 11(1959), 72-75. 

[26] B. Simon, Orthogonal polynomials on the unit circle, Part 1. Classical theory. Amer- 
ican Mathematical Society Colloquium Publications, 54, Part 1. American Mathematical Soci- 
ety, Providence, RI, 2005. 



Scientia Magna 
Vol. 9 (2013), No. 3, 99-106 



Existence and uniqueness of positive solution 

for second order integral boundary 
value problem 

Yonghong Ding 

Department of Mathematics, Tianshui Normal University, Tianshui, PR China 

E-mail: clyhl98510@126.com 

Abstract This paper deal with the existence and uniqueness of positive solution for the 
integral boundary value problem 

f -«"(*) = fit, u(t)), t € [0, 1]; 

au(0) — bu'(0) = fg g(s)u(s)ds, cu(l) + du'(l) = f* h(s)u(s)ds. 

The discussion is based on the method of lower and upper solutions and maximal principle. 
Keywords Lower and upper solution, fixed point, maximal principle, positive solutions. 

2000 Mathematics Subject Classification: 34B15, 34B18 



§1. Introduction 

We consider the integral boundary value problem 

f ~ u "(t) = fit, u(t)), t e [0, 1]; 

au(0) — bu'(O) = fg g(s)u(s)ds, cu(l) + du'(l) = f* h(s)u(s)ds, 

where / : [0, 1] x [0, + oo) — > [0, + oo) is continuous, g , h € L 1 [ 0, 1] are nonnegative, 
a, 6, c, d ^ 0 and p = ac + ad + be > 0. 

The (1) arises in many different areas of applied mathematics and physics, and only its 
positive solution is significant in some practice. For the special cases of (1), the existence of 
positive solutions has been widely investigate by many authors. For details and reference see 
[1-7]. The main tools used in these papers are fixed point theorems. However, to the author’s 
knowledge, few papers can be found in the literature on existence of positive solutions for 
integral boundary value problem by using lower and upper solution method. 

In [8] , the authors used the method of lower and upper solutions to research second order 
multi-point boundary value problem. Being directly motivated by [8], in this paper, by con- 
structing a pair of lower and upper solution and combine with maximal principle, we will show 
that (1) has a uniqueness positive solution under that f(t, u) is decreasing on u. 
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§2. Preliminaries 



For convenience, we denote 



H = 



K = 



/ o P 

[ — - h(s)ds , F = ( — ^—g(s)ds, R = [ h(s)ds , S = [ g(s)ds , 

Jo P Jo P Jo Jo 

N _ (, a + b)(c+d ) M _ 1 + \C(a + b) + (d + c)CDF\R t [CKD(a +b) + (d + c)D}S 



h{s)ds, G — f C + d CS g(s)ds, C =— , D= 1 
Jo P 



1 -H’ 



l-G' 



p( 1 - CKDF) 



p{l - CKDF) 



C(at + b) + (d + c — ct)CDF CKD(at + b) + (d + c — ct)D 

A (t) = ' , D(t) = — 



p{ 1 - CKDF) 

We assume the following condition throughout: 



p(l — CKDF) 



(HI) H, G G [0, 1), CKDF e [0, 1). 

Definition 2.1. A function a £ C 2 [ 0, 1] is called a lower solution of the (1) if it satisfies 
~Oi"(t) < f(t, a(t)), t £ [0, 1]; 

aa(0) — ba'(0) < g(s)a(s)ds, ca(l) + da'(l) < f* h(s)a(s)ds. 

Analogously, a function (3 £ C 2 [ 0, 1] is called a upper solution of the (1) if it satisfies 
the reversed inequalities. In order to prove our main results, we need the following maximal 
principle. 

Lemma 2.1. Assume that (HI) holds. Let u £ C 2 [ 0, 1] and satisfies 



-u"(i)>0, t £ [0, 1]; 

au(0) — W(0) > Jq 1 g(s)u(s)ds, ca( 1) + da'( 1) > h(s)u(s)ds , 

then u(t) > 0 , t £ [0, 1]. 

Proof. Let 

-u"{t) = y(t), t £ [0, 1]; 

azt(O) — bu'( 0) — fg g(s)u(s)ds = ri, czt(l) + du'( 1) — Jg h(s)u(s)ds = r 2 , 

then n > 0, ?'2 > 0, y{t) > 0, t £ [0, 1]. 

By integrating (3) on [0, t], we have 



(2) 



( 3 ) 



•j,'(t) = — f y(s)ds + u'( 0). 

Jo 



Thus, 



u(t) = — f (t — s)y(s)ds + u'(0)t + u(0). 
Jo 

Let t = 1 in (4) and (5), then 

«'(!) = ~ [ y(s)ds + u'{ 0), 

Jo 



( 4 ) 

( 5 ) 



( 6 ) 
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u(l) = — f (1 — s)y(s)ds + u'(0) +u(0). (7) 

Jo 

According to the boundary condition cu(l) + du'(l) — h(s)u(s)ds = r 2 , we have 

— c f (1 — s)y(s)ds + cu'(0) + cu(0) — d f y(s)ds + du'( 0) — f h(s)u(s)ds = r 2 . 

Jo Jo Jo 

% u(0) = i( 6M, (°) + /o 1 5('S)w(s)(is + ri), 

i/(0) = — [c f (1 — s)y(s)ds + d f y(s)ds — 1 f g(s)u(s)ds + f h(s)u(s)ds — -ri+r^, (8) 
P Jo Jo a Jo Jo a 

therefore, 

w(0) = —\c [ (1 — s)y(s)ds + d f y(s)ds — - / g(s)u(s)ds + [ h(s)u(s)ds — -r\ + r 2 ] 

P Jo Jo a Jo Jo a 

If 1 1 

+ - / g(s)u(s)ds H — n. 

a J 0 ® 



(9) 



From (5), (8) and (9), we have 

u(t) = f G(t, s)y(s)ds + I — -b- h(s)u(s)ds + f 
Jo Jo P Jo 

cri(l — t) + ar 2 t + br 2 + dr\ 



d+ c— ct 
0 P 



g(s)u(s)ds 



(10) 



where 



G(t,s) = 



1 I (b + as)(d + c — ct), 0 < s < t < 1; 



P \ (b + at)(d + c — cs), 0 < t < s < 1. 

Then, from (10), 

r*l /*1 rl r 

h(s)u(s)ds = / h(s) [ / G(s,T)y(r)dT+ j 

] Jo Jo Jo 



as + b 



/ 0 P 
cri( 1 — s) + ar 2 s + br 2 + dri 



/i(r)w(r)<ir+ 



1 d + c — cs 



]ds, 



g(s)u{s)ds = f g(s)[ I G{s,T)y(r)dT+ I 
Jo Jo Jo 



1 as + b 



0 P 

cr i(l — s) + ar 2 s + br 2 + dr\ 
P 



h(r)u(r)dT+ 
]ds. 



0 P 



r 1 d + c — cs 
'0 p 



g{T)u{r)d7 



( 11 ) 



g(T)u(r)dT 



(12) 



Hence, from (11) and (12), 



J h{s)u(s)ds = 1 _ g KDF [ c J J h(s)G(s,T)y(T)dTds+CKD j g(s)G{s,T)y(r)dTds 

+C I'' h(s) Cri(1 ~ S) + Qr2S + br 2 + dTl ds + CKD ^ g(s) Cri{1 - s) + ar2S + br2 + dri ds\. 
Jo P Jo P 

(13) 



1 /*! 
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and 

r*l 



J g(s)u(s)ds = — [CDF j j h(s)G(s 1 T)y(T)drds+D j J g(s)G(s,T)y{T)drds 



7 

0 Jo 



+CDF [ h(s ) 

Jo 



cr i(l — s) + ar 2 s + br 2 + dr i 
P 



ds + D f g(s ) 

Jo 



cri(l — s) + ar 2 s + br2 + dr\ 



ds] . 
(14) 



From (10), (13) and (14), we get 



1 /» 1 /* 1 /* 1 /* 1 

u(t) = / G(f, s)y(s)ds + A(t) / / h(s)G(s,T)y(r)dTds + B(t) / / g(s)G(s, r)y(r)dTds 

Jo Jo Jo Jo Jo 



+A(t ) [ h(s) 

Jo 



cri(l — s) + ar 2 s + br 2 + dr\ 



ds + B{t) [ g(s ) 
Jo 



cri(l — f) + ar 2 f + &r 2 + dr x 



cri(l — s) + ar 2 s + 6r 2 + dri 



ds 



Therefore u(t) > 0, t G [0, 1], 

Lemma 2.2. Assume (HI) holds. Let G C[0, 1], then boundary value problem 



-u"(t) = <p(t), 



t G [0, 1]; 



au(0) — bu'(O) = fg g(s)u(s)ds, cu(l) + du'(l) = fg h(s)u(s)ds, 



(15) 



has a unique solution u(t ) which is given by 



where 



«(*) = / 7(*> s)v?(s)ds, 

Jo 

7 (t, s) = G(t, s) + A(t) f G(s,T)h(r)dT + B(t) f G(s, r)g(r)dT. 
Jo Jo 



Proof. First suppose that u G G[0, 1] is a solution of BVP(15). Choose ri = r 2 = 0 in 
lemma 2.1, we can get 



/* 1 /»!/»! /* 1 /» 1 

= / G(£, s)(p(s)ds + A(t) / / h(s)G(s, r)cp(r)d,Tds + #(t) / / g(s)G(s^r)(p(r)drds 

Jo Jo Jo Jo Jo 

= / 7(C s)<p(s)ds. 

Jo 



Conversely, suppose it(t) = f 0 j(t, s)tp(s)ds, then 



u w (t) = — [— c(at + b)ip(t) — a(d + c — cf)v?(i)] = 

By computation, we have 

au(0) — bu' (0) = I g(s)u(s)ds, cu(l) + du\l) = f h(s)u(s)ds. 

Jo Jo 



Thus u(f) is a solution of BVP(15). 
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Lemma 2.3. Suppose (HI) holds. Then 

(i) 6G(t, t)G(s , s) < G(t, s) < G(s, s) < N 7 Vs, t £ [0, 1]; 

(ii) er z(t)G(t, t) < 7 (t, s) < MG{s , s), Vs, t G [0, 1], 
where 

<5=——^——, (t = 6(1+ f G(r,r)/i(r)dr+ f G(t, , 

(■ a + b){c + d ) d o d o 

2 (t) = min{G(L i), A(t), B(t)}. 

Proof, (i) From the expression of G(t, s) we see that 

G(t, s) < G(s, s) < iV, Vs, t € [0, 1]. 



Furthermore, we have 

G(t, s) = p > p = ^ 

G(s, s)G(t, t) (a + 6 s)(c + d — cs) — (a + 6 )(c+d) 

So 6G(t, t)G(s, s) < G(f, s). Therefore, (i) holds. 

(ii) On the one hand, 

7 (t, s) > <5G(t, t)G(s, s) + H(t) f <5G(s, s)G(r, r)d(r)dr + H(t) f <5G(s, s)G(r 1 T)g(r)dT 

J o do 

G(t, r)/i(r)dr + H(f) [ G(r, r)g(r)dr) 
do 

> 5z(t)G(s, s) (l T f G(r, r)/i(r)dr + f G(T,T)g(r)dT ) 

do do 

= crz(t)G(s, s). 



= 6G(s, s)(G(t, t) + A(t) [ 

do 



On the other hand, 



7 (t , s) < G(s, s) + A(f) f G(s, s)h(r)dT + B(t) f G(s , s)g(r)dT 

do do 

= G(s, s)(l + H(t) f h{r)dr + B(t) f g(r)dr) 
do do 



= MG(s, s). 



§3. Main results 

Theorem 3.1. Assume (HI) holds. If / satisfies the following condition: 

(H2) / : [0, 1] x [0, T oc) — > [0, +oo) is continuous, f(t,u ) ^ 0, and f(t,u) is decreasing 
on u. Then (1) has a unique positive solution. 

Proof. Based on the preceding preliminaries, we can divide our proof into three steps: 
Step 1 . We first construct a pair of lower and upper solution of (1). Let 

a(t) = f 7 (t, s)f(s, N)ds, b(t) = 

Jo 



7 (t, s)/(s, z(s))ds. 
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Since /(£, u) is decreasing on u, t £ [0, 1], and by lemma 2.3, we obtain 

c Tz(t ) f G(s , s)f(s, N)ds < a(t) < b(t ) < M f G(s , s)/(s, z(s))ds. 
Jo Jo 



Denote 



k\ = M f G(s, s)f(s, z(s))ds, k 2 = cr f G(s, s)/(s, N)ds , 
Jo Jo 



/ = min{l, Y 

k 2 



L = max{l, y 1 -}. 

nJl k 2 



It is easy to see that 



l < 1, Z&i <1, L > 1, > 1, 



and 



la(t) < lk\ < 1 < TV, z{t) < Lfc 2 z(f) < Lb{t). 
Let a(t) = la(t), Pit) = Lb(t ), then 



-a"(t) - f(t, a(t )) = l fit, N) - fit, la{t)) 

< l f{t, la(t)) - f(t, la(t )) 

< 0, 



~P "it) ~ fit, Pit)) 



= Lf{t, z(t)) - fit, Lb(t)) 

> Lf(t, Lbit)) - fit, Lbit)) 

> 0 . 



By calculations we have 

aa( 0 ) — 60 /( 0 ) = f gis)a{s)ds, ca( 1) + da' (1) = 

Jo 

1 r 1 

gis)Pis)ds, c/3(l) + dp'fl) = / /i(s)/3(s)ds. 

Jo 

Therefore, a(t) is a lower solution of (1), and Pit) is a upper solution of (1). 
Step 2. We prove (1) has a positive solution u(t) satisfying a(t) < u(t) < Pit). 
For any x(t) £ C[0, 1], define 



apiO) - bp'iO) = [ 
Jo 



his)ais)ds, 



F)t, x) 



fit, a{t)), x < a)t); 

fit, a ;(£)), ait) <x< Pit); 

fit, Pit)), x > Pit). 



Then F : [0, 1] x [0, + oo)x — > [0, + oo) is continuous and bounded. Consider the 
boundary value problem 



-u"it) = Fit, u(t)), t £ [0, 1]; 

au(0) — W(0) = fy gis)uis)ds, cu(l) + du'(l) = fg h(s)u(s)ds. 



(16) 



Vol. 9 Existence and uniqueness of positive solution for second order integral boundary value problem 105 



We prove (16) has at least one solution. 

Define the operator T : C[0, 1] —* C[0, 1] as follows: 

(Tu)(t) = [ 7 (t, s)F(s, u(s))ds. 

Jo 

By lemma 2.2, each fixed point of T is a solution for (16). It is well known that T : C[ 0, 1] — > 
C[0, 1] is completely continuous and F is bounded, by using Schauder fixed point theorem, we 
obtain that T has fixed point u £ C[0, 1]. In the following we show that a(t) < u(t) < /?(£), 
this means that F(t, u(t)) = /(£, u(t)), hence, u(t) is also a solution of (1). 

Assume a(t) ^ u(t), then there exists t 0 £ [0, 1] such that a(to) > u(to). Since a(t) 
and u(t) are continuous, there exists a subset [ti, t 2 ] C [0, 1] with t 0 £ (ti, t 2 ) such that 
a(t) > u(t), t £ [ii, t 2 }. 

Set 

w(t) = u{t) — a(t), 



a\ = inf {£i| 3[ii, t 2 ) £ [0, 1], t 0 £ (ti, t 2 ) such that w(t) < 0 for t £ [fi, t 2 ]}, 



bi = sup {t 2 1 3[ti, t 2 ] £ [0, 1], t 0 £ (£ 1; t 2 ) such that w(t) < 0 for t £ [t 1 , t 2 ] } - 



Then 



w(t) <0, t £ (cii, bi), 



(17) 



and 

w(ai) = w(bi) = 0, w'(ai) < 0, w'(b\) > 0. 

On the other hand, for any t £ [a\, 61], we have 

-w"{t) = —u"(t) + a" (t) 

= F(t, u(t )) + a"(t) 

= f(t, ai(t)) + a"(t ) 

> 0 . 

and 

aw(ai) — bw'(cii) > / g(s)w(s)ds , cw(bi) + dw\b\) > / h(s)w(s)ds. 

Jo Jo 

By lemma 2.1, we have w(t) >0, t £ [a\, 5i], which contradicts (17). Thus a(t) < u(t). 
Similarly, we assert that u(t) < /?(£). From assumption (H2), it follows that a(t) > 0. 
Therefore, u[t) is a positive solution of (1). 

Step 3. We prove uniqueness. Suppose u{t) is also a positive solution of (1.1) and 
u(t) u(t). Then there exists £ £ [0, 1] such that u(£) ^ u(^), without loss of generality, 
we assume that u(£) < u(£). Set v(t) = u(t) — u(t ), it is similar to step 2, we can get a 
contradiction. So u(t) is a unique positive solution. 
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Abstract In this paper, the Smarandache bisymmetric geometric determinant sequence was 
defined and the formula for its n-th term was obtained. 
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§1. Introduction and preliminaries 



Majumdar I 1 ! gave the formula for n-th term of the following sequences: Smarandache cyclic 
natural determinant sequence, Smarandache cyclic arithmetic determinant sequence, Smaran- 
dache bisymmetric natural determinant sequence and Smarandache bisymmetric arithmetic 
determinant sequence. 

Definition 1.1. The Smarandache bisymmetric geometric determinant sequence denoted 
by {SBGDS(n)} is given by 



{SBGDS{n)} 











a 


ar 


ar 2 


■ ar n ~ 2 


ar"” 1 












ar 


ar 2 


ar 3 


■ ar™- 1 


ar"" 2 






a 


ar 




2 

ar z 


ar 3 


ar 4 


■ ar n ~ 2 


ar" - 3 




Id) 


ar 


a 


1 ’ ' * 5 


ar n ~ 2 


ar"" 1 


ar n ~ 2 • 


2 

ar z 


ar 












ar 11 " 1 


ar n ~ 2 


ar" -3 ■ 


ar 


a 


> 



For the rest of this paper, let |A| be the notation for the determinant of a matrix A. 
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§2. Preliminary result 



Lemma 2.1. 



\K\ = 



r 



r 

ji 



„n — 2 „n— 1 



r.n—3 



where [a:J is the floor function. 

Proof. 



r n- 2 r n-l 



r 

r 



= (-l)L^J (r n -r"- 2 )" \ 



0 

V o 



/ 1 



I< = 



r 

„2 



/ l 

o 
o 



r 

^2 



0 0 
\ 0 r n — r r] 

( 1 r r 2 

Q j.n j.n—2 r n + 1 _ ^n— 1 



_ y.n—2 



„n - 2 



'- 1 \ 



r 

r 

y.n—2 



r 

i 7 



r,n— 1 



r ,l,_x \ 

r.n-2 



r 2n-A _ r 2 



r.n—2 



r 2n-3 _ r 



r 2«-4 _ ^2 



-i 7 



„n— 1 



\ 

^271— 2 ^ 



0 



n— 2 



7 



Via the operations r k R\ — Rk+i — ► -Rfc+i where k = 1, 2, • • • , n — 1 and followed by 

1?2, i? n -i <-> f? 3 , and so on and there will be a total of inversions. Solving for 

the determinant of the last matrix multiplied to (— 1)L * J gives the desired result. 
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§3. Main result 

Theorem 3.1. 

{ a, if n = 1; 

a 2 (1 -r 2 ), if n = 2; 

(-l)L^Ja"(r" -r”" 2 )" -1 , if n > 2. 

Proof. The cases for n = 1 and n = 2 are trivial. For n > 2, 

SBGDS(n) = |olf | = a n \K\ = (-l)L^J o"(r" - r’ 1 " 2 )’ 1 " 1 , 

via the lemma 2.1. 
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§1. Introduction and preliminaries 

In integral calculus, elliptic integrals originally arose in connection with the problem of 
giving the arc length of an ellipse. They were first studied by Giulio Fagnano and Leonhard 
Euler. Modern mathematics defines an ’’elliptic integral” as any function / which can be 
expressed in the form 

/0 V ^ = J R(t,y/P(t))dt, (1.1) 

where I? is a rational function of its two arguments, P is a polynomial of degree 3 or 4 with no 
repeated roots, and c is a constant. 

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep- 
tions to this general rule are when P has repeated roots, or when R(x, y) contains no odd powers 
of y. However, with the appropriate reduction formula, every elliptic integral can be brought 
into a form that involves integrals over rational functions and the three Legendre canonical 
forms (i.e. the elliptic integrals of the first, second and third kind). 

Besides the Legendre form, the elliptic integrals may also be expressed in Carlson symmetric 
form. Additional insight into the theory of the elliptic integral may be gained through the study 
of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered as inverse 
functions of elliptic integrals. 

Incomplete elliptic integrals are functions of two arguments, complete elliptic integrals are 
functions of a single argument. 

Definition 1.1. The incomplete elliptic integral of the first kind F is defined as 

F(rl>, k) = F(0 | k 2 ) = F(sin 0; k) = T ^ . (1.2) 

Jo \J\ — k 2 sin 2 9 
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This is the trigonometric form of the integral, substituting t = sin0, x = sin ip, one obtains 
Jacobi’s form: 



In this notation, the use of a vertical bar as delimiter indicates that the argument following 



The number n is called the characteristic and can take on any value, independently of the other 
arguments. 

Definition 1.4. Elliptic Integrals are said to be ’complete’ when the amplitude ip = ^ 
and therefore x = 1. 

The complete elliptic integral of the first kind I\ may thus be defined as 




( 1 . 3 ) 



Equivalently, in terms of the amplitude and modular angle one has: 




( 1 . 4 ) 



it is the ’’parameter” (as defined above), while the backslash indicates that it is the modular 
angle. The use of a semicolon implies that the argument preceding it is the sine of the amplitude: 



F(ip, sin a) = F(ip | sin 2 a) = F(ip\a) = F(sin ip-, sin a). 



( 1 . 5 ) 



Definition 1.2. Incomplete elliptic integral of the second kind E is defined as 



E(ip, k ) = E(ip | k 2 ) = E(simp-, k) = \/ 1 — k 2 sin 2 6 dd. 



( 1 . 6 ) 



Substituting t = sin# and x = simp , one obtains Jacobi’s form: 




( 1 . 7 ) 



Equivalently, in terms of the amplitude and modular angle: 




(1.8) 



Definition 1.3. Incomplete elliptic integral of the third kind II is defined as 




( 1 . 9 ) 



or 




( 1 . 10 ) 




( 1 . 11 ) 



or more compactly in terms of the incomplete integral of the first kind as 




( 1 . 12 ) 
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It can be expressed as a power series 



\ E 



n — 0 



(2n)! 

2 2n (n\) 2 



k 2n = 



7 r 



OO 

E [ p 2"(°) 



n—0 



' 2n 



where P n is the Legendre polynomial, which is equivalent to 



K(k) = \ 



1+ '2 lfc2 



1 . 3 
2?4 



(2n — 1)!! \ i 2 n 
(2n)!! ' 



(1.13) 



(1.14) 



where nil denotes the double factorial. 

In terms of the Gauss hypergeometric function, the complete elliptic integral of the first 
kind can be expressed as 



*<*>=! * F 4’i ;li * 2 )- 



(1.15) 



The complete elliptic integral of the first kind is sometimes called the quarter period. It can 
most efficiently be computed in terms of the arithmetic-geometric mean: 



K(k) = 



agm{l — k, 1 + k) 



(1.16) 



The complete elliptic integral of the second kind E is proportional to the circumference of 
the ellipse C : 

C = 4 aE{e), 



where a is the semi-major axis, e is the eccentricity, and E may be defined as 

E(k) = f 2 Vl - k 2 sin 2 0 d0= [ ~ kH 2 dt , 

Jo Jo V 1 — t 2 

or more compactly in terms of the incomplete integral of the second kind as 

E(k) = E{^,k) = E(l-k). 

It can be expressed as a power series 






n—0 



(2 n)! ] 2 k 2 



2 2n (nl) 2 



1-2 n 



which is equivalent to 



E <‘) = I 



1 _,iV^-(^ v 



(2n — 1)!! | 2 k 2n 
(2 n)!! J 2n — 1 



(1.17) 



(1.18) 



(1.19) 



( 1 . 20 ) 



In terms of the Gauss hypergeometric function, the complete elliptic integral of the second 
kind can be expressed as 

•7T /II 

( 1 . 21 ) 



m = l 2 F,(-,--;l;4 

The complete elliptic integral of the third kind II can be defined as 

dO 



II(n, k) = 



o (1 — n sin 2 9) \/l — k 2 sin 2 6 



( 1 . 22 ) 
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Definition 1.5. A generalized hypergeometric function p F q (ai, ■ ■ ■ a p ; ■ ■ ■ b q \ z) is a 
function which can be defined in the form of a hypergeometric series, i.e., a series for which the 
ratio of successive terms can be written 

Cfc+i P(k) _ (k + ai)(k + a 2 ) • • • (k + a p ) 



z, 



(1.23) 



Ck Q(k) (k + b\)(K + b 2 ) ■ ■ ■ (k + b q )(k + 1) 
where k + 1 in the denominator is present for historical reasons of notation, and the resulting 
generalized hypergeometric function is written 



p r q 



a i, a 2 , • 



b\,b 2 ,- 



i bq 



= £ 

k = 0 



or 



F 
p r q 


i 

IT 


z 


III 

►o 


1 

'll 

C 

1 




i 

>£5 






. (bj)U 5 . 



(ai)fc(«2)fc • • • ( a P )kZ k 

0 bi)k(b 2 )k ■ ■ ■ ( bq) k k\ 



_ sr (( a p))kZ k 

h (&))* w : 



(1.24) 



(1.25) 



where the parameters bi , b 2 , • • • , b q are neither zero nor negative integers and p , q are non- 
negative integers. 

The p F q series converges for all finite z ii p < q, converges for | z \ < 1 if p ^ q + 1, diverges 
for all z, z ^ 0 if p > q + 1. 

The pF q series absolutely converges for j z |= 1 if R( C) < 0, conditionally converges for 
| z |= 1, z yf 0 if 0 < R( C) < 1, diverges for | z |= 1, if 1 < R(Q, C = a i - Z) h- 

i= 1 i—0 

The function 2 Fi(a, 6; c; z) corresponding to p = 2, q = 1, is the first hypergeometric 
function to be studied (and, in general, arises the most frequently in physical problems), and so is 
frequently known as ’’the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric 
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ’’hypergeometric 
function” is less commonly used to mean closed form, and ’’hypergeometric series” is sometimes 
used to mean hypergeometric function. 

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential 
equation of second order 



z( 1 — z)y" + [c — (a + b + 1 )z\y' — aby = 0. 



(1.26) 



ab 

1 + —r— Z - 

1! c 



The solution of this equation is 
y = A 0 

This is the so-called regular solution, denoted 
2 Fi(a,6; c; z) = 



a(a + 1)&(& + 1) 2 
2! c(c +1) 



ab 

i + — 2- 
1! c 



a(a T l)6(f> T 1) 2 



2! c(c T 1) 



= £ 



k—0 



( a)k ( b) k z k 
(c)fefc! 



(1.27) 



(1.28) 



which converges if c is not a negative integer for all of | z \ < 1 and on the unit circle | 2 | = 1 if 
R(c — a — b) >0. 

It is known as Gauss hypergeometric function in terms of Pochhammer symbol ( a)k or 
generalized factorial function. 



114 



Salahuddin 



No. 3 



§2. Main integrals 



d(j> 



\Jl + £ sinh -1 (j> 2 

— r(m + 1, sinh -1 /) 
d(f> 1 



(—sinh cfi) m sinh (j} m T (to + 1 , — sinh cfi) 
1 



y/l + xcosh -1 4> ^ 

r(w + l,cosh -1 <j>) 
d(f> 1 



iFo(-; — ; — a;) + Consteint. (2.1) 

(— cosh -1 cosh -1 (j) m T(m + 1, — cosh -1 (/))+ 

lFo [l- — ; — x'j + Constant. (2.2) 






ism 



== = -isin -1 0 m {sin -1 (/. 2 } -m 



— (/.sin 1 (j}) m T(m + 1, — /.sin 1 </)) 
dip 1 



(—/.sin 1 (j}) m T(to + 1, /.sin 1 (j))— 

1 



_= = ^ cos -1 ^ m {cos -1 cfy m 

J a/1 + £ COS A 

+(/ cos -1 </>)”T(m + 1, —/.cos -1 <j>) 
Derivation of (2.1): 



i-F 0 ; —x'j + Constant. (2.3) 

(—/ cos -1 (j>) m T(m + 1, /.cos -1 (/))+ 
i F 0 (^; — ; — + Constant. (2.4) 



[ . ^ = /(l + x sinh 1 0) 2 dcj)= /{l — (— a: sinh 1 </>)} 2 dc\> 

J a/1 + x sinh (j) J J 

[ f Qu y f (i) ”ir ) ’' i /w.-vr ^ 



m—0 m—0 

(— sinh -1 (f>)~ m sinh -1 4> m T(m + 1, — sinh -1 <p) — T(m + 1, sinh -1 /) /I 
x l-Fo -a 






Proceeding the same way one can established the other integrals. 
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§1. Introduction and preliminaries 

In 1965, Zadeh defined fuzzy subset of a non-empty set as a collection of objects with 
grade of membership in continum, with each object being assigned a value between 0 and 1 by 
a membership function I 1 !. In 1991, Xi applied the concept of fuzzy set in BCK-algebras and 
defined fuzzy subalgebra on BCK-algebras ^ . Recently, a new algebraic structure was presented 
as SU-algebra and a concept of ideal in SU-algebra I 3 1. Sukklin and Leerawat introduced the 
concept of fuzzy SU-ideal M and anti fuzzy SU-ideal I 5 1 in SU-algebra. The cartesian product 
of two fuzzy sets ^ was introduce by Bhattacharya and Mukherjee in 1985. In 2011, Sarny 
M. Moutafa, et al. introduced the notion of Cartesian product of fuzzy KU-ideals and 
Cartesian product of anti fuzzy KU-ideals t 7 l on KU-algebras. In this paper, we introduce the 
concept of cartesian product of fuzzy SU-ideals and cartesian product of anti fuzzy SU-ideals 
on SU-algebra. Moreover, we investigate some of their properties. 

Definition 1 . 1 . I 3 J A SU-algebra is a non-empty set X with a constant 0 and a binary 
operation satisfying the following axioms: 

(1) ((x * y) * (x * z)) * (y * z) = 0, 

(2) x * 0 = x, 

(3) if x * y = 0 imply x = y, for all x, y, z £ X. 

From now on, a binary operation “*”will be denoted by juxtaposition. 

Theorem 1 . 1 . I 3 1 Let X be a SU-algebra. Then the following results hold for all x, y £ X. 

(1) xx = 0, (2) xy = yx, (3) Ox = x. 

Theorem 1 . 2 . I 3 1 Let X be a SU-algebra. A nonempty subset I of X is called a SU- 
subalgebra of X if xy £ I for all a:, y £ I. 

0 Corresponding author is Utsanee Leerawat 
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Definition 1.2. PI Let A be a SU-algebra. A nonempty subset / of X is called a SU-ideal 
of X if it satisfies the following properties: 

(1) o e I, 

(2) if ( xy)z € / and y G I imply xz G I , for all x, y, z G X. 

Definition 1.3. PI Let X be a set. A fuzzy set y in A is a function y : X — » [0,1]. 
Definition 1.4. PI Let A be a SU-algebra. A fuzzy set y in A is called fuzzy SU-ideal of 
A if it satisfies the following conditions: 

(Fi) MO) > MM, 

(F 2 ) y(xz) > min {y((xy)z), y(y)}, for all x, y, z G A. 

Definition 1.5. PI Let A be a SU-algebra. A fuzzy set y* in A is called anti fuzzy SU-ideal 
of A if it satisfies the following conditions: 

(AU0 M(0) < M(z), 

(AF 2 ) y*(xz) < max{y*((xy)z),y*(y)}, for all x, y, z £ X. 

Example 1.1. Let A = {0, 1, 2, 3} be a set in which operation * is defined by the following: 



* 


0 


1 


2 


3 


0 


0 


1 


2 


3 


1 


1 


0 


3 


2 


2 


2 


3 


0 


1 


3 


3 


2 


1 


0 



Then A is a SU-algebra PI. 

Define a fuzzy set y : X — > [0, 1] by y(0) = 1, /z(l) = 0.5 and y( 2) = y(3) = 0. Then y is a 
fuzzy SU-ideal in A PI. 

Define a fuzzy set y* : X — > [0,1] by y*( 0) = 0.3,/z*(l) = 0.6 and y*( 2) = /y*(3) = 0.7. 
Then y* is an anti fuzzy SU-idealin A PI. 



§2. Definition and properties 

We first give the definition of cartesian product of fuzzy SU-ideals and cartesian product 
of anti fuzzy SU-ideals on SU-algebra and provide some its properties. 

Definition 2.1. Let A be a SU-algebra and y, (3 be a fuzzy SU-ideals of A. The Cartesian 
product y x /3 : A x A — > [0, 1] is define by (y x 13) (x, y) = min {y(x), (3(y)} for all x, y G A. 
Remark 2.1. If A be a SU-algebra, then A x A x ■ ■ ■ x A is a SU-algebra, where n is 

n 

positive intergers. 

Theorem 2.1. Let A be a SU-algebra and y, (3 be a fuzzy sets of A'. If y and (3 are a 
fuzzy SU-ideals of A, then y x (3 is a fuzzy SU-ideal of A x X. 

Proof. Let y , j3 be a fuzzy SU-ideals of A. 
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(i) Let {x\,x 2 ) £ X x A', we have 

(M x /3)(0, 0) = min{/x(0),/3(0)} 

> min {/j,(xi), / 3(x 2 )} 

= (/ix P){x 1 ,x 2 ). 

Thus (/lx x /3)(0, 0) > (/n x /?) (aji , £c 2 ) for all {xi,x 2 ) £ X x X. 

(ii) Let (xi,x 2 ), (i/1,2/2), (zi,z 2 ) £ X x X , we have 

(n x (d)((x 1 ,x 2 )(z 1 ,z 2 )) = (/ix (3)(xizi,x 2 z 2 ) 

= min {^(x 1 z 1 ),/3(x2Z 2 )} > min {min {fi((xiyi)zi), fJ,(yi)} , min {/3((x 2 y2)z 2 ), /3(y 2 )}} 

= min {min {^{{x^Zx), (3{{x 2 y 2 )z 2 )} , min {/x(yi), f3{y 2 )}} 

= min { (/x x P)((x 1 y 1 )zi, (, x 2 y 2 )z 2 ), (/x x /3)(?/i, 2/2)} • 

Thus (/x x /5)((ari, ar 2 )(^i, ^2)) > min {(/x x /3)(((xi, £2X2/1, 2/2)) (21, 22)), (/x x /3)(?/i, 2/2)}- 

Therefore /lx x /3 is a fuzzy SU-ideal of A' x A. 

Corollary 2.1 Let X be a SU-algebra and /x 1, /x 2 , , /lx„ be a fuzzy sets of X. If 

/txi, /X2, ■ • • , /in are a fuzzy SU-ideals of X, then /ij x /12 x ■ • • x is a fuzzy SU-ideal of 
X x X x • • • x X, where n is positive intergers. 

n 

Theorem 2.2. Let A' be a SU-algebra and /x, / 3 be a fuzzy sets of X such that fi x (3 is a 
fuzzy SU-ideal of X x X, then 

(i) Either /x(0) > n{x) or /3(0) > (3(x) for all x £ X. 

(ii) If /x( 0) > /x(a;) for all a; £ X , then either /3(0) > /x(x) or /5(0) > (3(x). 

(iii) If /3(0) > /3(x) for all x £ X, then either /x(0) > (3{x) or /x(0) > /x(x). 

(iv) Either /x or (3 is a fuzzy SU-ideal of X. 

Proof. Let /x x (3 is a fuzzy SU-ideal of X x X and a;, 2/, z £ X. 

(i) Assume /x(0) > /x(x) or /3(0) > /3(x) is not true, there exists (a, b) £ X x X such that 
/i( 0) < /x(a) and /3(0) < (3{b ). We have 

(/x x /3)(0, 0) = min{/x(0),/3(0)} 

< min {n(a),/3(b)} 

= (/x x (3){a,b). 

Hence (/lx x /3) (0, 0) < (/x x /3)(a,b), which is contradiction. Therefore either /x(0) > /x(x) 
or /3(0) > /3(x) for all x £ X. 

(ii) Let /x(0) > /x(x) for all x £ X. Assume /3(0) > /x(x) or /3(0) > /3(x) is not true, 
there exists (c,d) £ X x X such that /3(0) < /x(c) and /3(0) < /3(d). We have (/x x /3)(0,0) = 
min {/x(0), /3(0)} = /3(0). So (/x x /3)(c, d) = min {/x(c), /3(d)} > /3(0) = (/x x /3)(0,0). Hence 
(/x x /3)(c, d) > (/x x /3) (0, 0), which is contradiction. Therefore if /lx(0) > /x(x) for all ;c £ X, 
then either /3(0) > /x(x) or /3(0) > f3(x). 

(iii) This proof is quite similar to (ii). 

(iv) (1) Let /lx ( 0 ) > /x(x) for all x £ X. 

By Theorem 3.4(ii), we have either /3(0) > /x(x) or /3(0) > /3(x). 
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If /3(0) > y( x) for all x £ A, we have y(x) = min {y(x), /?(0)}. Hence y(x) = (/ix /?)(x, 0). 
So 



y{xz) = min {y(xz), /3(0) } 

= (M x fi)(xz, 0) 

> min {(y x P)((xy)z),0), (y x /?)(?/, 0)} 
= min{/z((xy)z),/z(y)} . 



Thus y is a fuzzy SU-ideal of X. 

If /J(0) > /3(x) for all x £ X, then /3(0) < y{x) for all x £ X. We have /3(x) = 
min{/z(0),/3(x)}. Hence (3(x) = (/iX /?)(0, x). So 

(3{xz) = min {/z(0), f3(xz)} 

= (/*x /3)(0 ,xz) 

> min {(/z x fi)(0,(xy)z)),(n x /3)(0,y)} 

= min {P((xy)z),P{y)} . 



Thus (3 is a fuzzy SU-ideal of X. 

(2) In case /3(0) > (3{x) for all x £ X, a proof is similar to (1). 

Definition 2.2. Let X be a SU-algebra and fj,* ,/3* be an anti fuzzy SU-ideals of X. The 
Cartesian product /z* x j3* : X x X — > [0,1] is define by (/z* x j3*)(x,y) = max {/z*(x), /3*(y)} 
for all x, y £ X. 

Theorem 2.3. Let A' be a SU-algebra and y* , f3* be a fuzzy sets of X. If y* and (3* are 
an anti fuzzy SU-ideals of X, then y* x (3* is an anti fuzzy SU-ideal of X x X. 

Proof. Let y*, (3* be an anti fuzzy SU-ideals of X. 

(i) Let (xi , X 2 ) £ X x A', we have 

(y* x /T)(0,0) = max {/z*(0), /3*(0)} 

< max {y* (xi) , (3* (x 2 ) } 

= (M* x /3 *)(xi,x 2 ). 

Thus (y* x /?*)(0, 0) < (y* x (3*){x i,x 2 ) for all (xi,x 2 ) G A x X. 

(ii) Let {x 1 ,x 2 ),{yi,y 2 ),( z i,z 2 ) £ X x X, we have 

(y* x /3*)((xi, x 2 )(zi, £ 2 )) = (/z* x P*)(x 1 z 1 ,x 2 z 2 ) 

= max {y* (xiZi) , (3* (x 2 z 2 )} 

< max {max {y* ( (xi yi ) z \) , y* (y 1 ) } , max {(3* ( (x 2 y 2 ) 2 ; 2 ) , (3* (y 2 ) } } 

= max {max {y* ({x\y±)z\), (3*((x 2 y 2 )z 2 )} , max {y* (yi), (3* ( 2 / 2 )}} 

= max {(/z* x f3*)((xiy 1 )z 1 ,(x 2 y 2 )z 2 ),(y* x /3*)(yi,y 2 )} . 

Thus (m*x/3*)((xi,x 2 )(zi,z 2 )) < max{(/z* x /3*)(((a:i,a; 2 )(j/i,y 2 ))(zi,z 2 )), {y* x @*)(y u y 2 )}. 
Therefore y* x (3* is an anti fuzzy SU-ideal of X x X. 
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Corollary 2.2. Let A be a SU-algebra and y\, y' 2 , , /j* be a fuzzy sets of X. If 

y*, fj, 2 , • • • , are an anti fuzzy SU-ideals of X , then y\ x y% x ’ ’ ' x dn is an anti fuzzy 

SU-ideal of X x X x • • • x X, where n is positive intergers. 

n 

Theorem 2.4. Let A' be a SU-algebra and y*,P* be a fuzzy sets of X such that y* x P* 
is an anti fuzzy SU-ideal of X x X, then 

(i) Either y*(0) < y*(x) or /3*(0) < P*(x) for all x £ X. 

(ii) If y*(0) < y*(x) for all x £ X, then either /3*(0) < y*(x) or /3*(0) < P*{x). 

(iii) If /?* (0) < p*(x) for all x £ X, then either y*{ 0) < p*(x) or y*(0) < y*(x). 

(iv) Either y* or /3* is an anti fuzzy SU-ideal of X. 

Proof. Let fi* x (3* is an anti fuzzy SU-ideal of X x X and x, y , z £ X. 

(i) Assume /x*(0) < fi*{x) or /?*(0) < @*(x) is not true, there exists (a, b) £ A' x X 
such that y*(0) > fi*(a) and /3*(0) > fi*{b). We have {y* x fl*)(0,0) = max{/u*(0),/3*(0)} > 
max {/i* (a), /3*(b)} = (y* x /3*)(a,b). Hence (y* x @*)(0, 0) > (y* x /3*)(a,b), which is contra- 
diction. Therefore either /z*(0) < y*{x) or /3*(0) < fi*(x) for all x £ X. 

(ii) Let y*{ 0) < y*(x) for all x £ X. Assume /3*(0) < y*(x) or /3*(0) < @*(x) is not true, 
there exists (c, d) £ A x X such that fl*(0) > y*(c) and /3*(0) > fl*(d). We have 

(y*xp*)( 0,0) = max (y* (0) , fi* (0) } 

= P*( o). 

So 

(y* xp*)(c,d) = max { y* {c), P*{d)} < P*{0) 

= (y*xp*){ 0,0). 

Hence (y* x p*)(c,d) < ( y * x p*){ 0,0), which is contradiction. Therefore if y*( 0) < y*(x) 
for all x £ A', then either P*(0) < y*{ x) or P*(0) < P*(x). 

(iii) This proof is quite similar to (ii). 

(iv) (1) Let ^i*(0) < y*(x) for all x £ A. 

By Theorem 4.4(h), we have either P*(0) < y*(x) or /3*(0) < P*{x). 

If P*{ 0) < y*(x) for all x £ X, we have y*{x) = max {y*(x), /3*(0)}. 

Hence y*(x) = (y* x P*)(x,0). 

So 



y*(xz ) = max{y*(xz),P*pS){ 

= (M* x P*){xz, 0) 

< max {{y* x P*)((xy)z),0),(y* x P*)(y,0)} 
= ma x{y*((xy)z),y(y)*} . 

Thus y* is an anti fuzzy SU-ideal of X. 

If P*{ 0) < p*(x) for all x £ A, then /3*(0) > y*{x) for all x £ X. 

We have P*{x) = max {y*(0), P*(x)}. Hence p*{ x) = (y* x P*)(0,x). 
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So 



f3*(xz ) = max{/z*(0),/3*(;r,2)} = (/i* x /3*)(0,xz) 

< max {(/i* x f3*)(0,(xy)z)),(y,* x f3*)(0,y)} 
= max {/3* ((xy) z) , (3* (y)} . 



Thus (3* is an anti fuzzy SU-ideal of X. 

(2) In case /3*(0) < /3*(x) for all x £ X, a proof is similar to (1). 
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